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Abstract

In this paper, a mathematical model for controlling the spread of zika virus disease with
wobachia-infected aedes aegypti mosquitoes was developed. The model consistsasystemof 14
non-linear ordinary differential equations. These equations were used to describe the
transmission dynamics of zika virus disease in human and aedes aegypti populations, in the
presence of wolbachia-infected mosquitoes used for control. Approximate analytical solution to
the model was obtained through homotopy perturbation method, and was simulated at the
baseline parameter values. Graphically, it was seen that the population of infected humansand
the population of wolbachia-free mosquitoes diminished, while the population of wolbachia-
infected mosquitoes remain on the increase as time was increased. This resultshowed thatzika
virus disease can be eradicated by introducing reasonable number of wolbachia-infected
mosquitoes in the zika endemic area.

Keywords: Zika, aedes aegypti, wolbachia, homotopy, microcephaly.

Introduction
Zika virus disease or zika as it is generally called is a mosquito-borne, Flavivirus disease (Gao
et al., 2016). The disease is named after Zika forest in Uganda, where the virus (Zika virus) was
first isolated from a rhesus monkey, in 1947 (Dick et al., 1952). Zika virus is primarily
transmitted to humans through the bites of infected female aedes aegypti mosquitoes (Gao et al.,
2016). Apart from transmission through mosquito bites, there are evidences that zika virus can
equally be transmitted through sex, blood transfusion and mother-to-fetus (Musso et al., 2014).
Zika virus disease has been confirmed to be associated with microcephaly in infants born
to mothers who were infected with the virus during pregnancy (Mlakar et al., 2016; Cauchemez
et al., 2016). Microcephaly is a congenital disorder in which brain does not develop properly.
Babies born with this condition have a characteristic small head with circumference equal or less
than 32 cm, which is below the standard size recognized by the World Health Organization
(WHO)(CDC, 2016). In the recent outbreak of zika in Brazil, there have been over 5000
confirmed cases of microcephaly (Gao et al., 2016). In addition to microcephaly, zika has been
linked to an apparent increased risk of the neurological disorder, Guillain-Barre Syndrome
(GBS) (Cao-Lormeau et al.,2016). These associations of zika with microcephaly and GBS
prompted the WHO's declaration of zika virus disease a Public Health Emergency of
International Concern in February 2015 (WHO, 2016). The first reported incidence of zika virus
disease in man was in Nigeria in 1954, during investigation in Afikpo, Eastern Nigeria, of an
outbreak of jaundice suspected of being yellow fever, (Macnamara, 1954). In 2007, zika
outbreak occurred in Yap Island, Federated state of Micronesia, in the North pacific (Hayes,
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2009; Duffy et al., 2009). This was followed by a severe outbreak in French Polynesia between
2013 and 2014, with over 30,000 reported cases (Cao-Lormeau et al., 2013). From French
Polynesia, the disease spread to New Caledonia, The Cook Islands and Eastern Islands (Musso
et al., 2014). This recent and still-ravaging outbreak of zika began in April 2015, in Brazil
(Gatherer and Kohl, 2016), and has spread to many other countries in south and central Americas
and the Caribbean, with over 140,000 suspected and confirmed cases by the end of February
2016. In the United States, zika has been detected in Florida, New York City, Texas, and other
places (CDC, 2016; Meaney-Delman, 2016; Fauci et al., 2016).

Only recently, the literature has being flooded with mathematical models on zika virus
dynamics and its control. This is because zika virus disease was not regarded serious ailment
until its association with some congenital and neurological complications was conformed. There
are models that focus on understanding the transmission dynamics of the disease. The models in
this category can be found in Moreno et al., (2016), Perkins et al., (2016), Dantas et al., (2017),
Kurchaski et al., (2016) and others. There are also models which incorporate sexual transmission
in the dynamics of the disease. These include models in Shah et al (2017), Gao et al., (2017) and
Towers et al., (2016). As a way of controlling the spread of zika virus disease, Wang et al.,
(2017), proposes the use of wolbachia-infected aedes aegypti mosquitoes to stop the spread of
zika virus disease. This method has been effectively applied in controlling similar mosquito
borne avivirus diseases such as dengue and West Nile, for example, Britton et al., (2013) and
Ndii et al., (2012). Our model in this work is also based on this innovative mosquito control
method.

The rest of this work is organized as follows: In section 2, we present the idea behind using
Wolbachia-infected mosquitoes as agent for controlling the spread of zika virus disease. This is
followed by section 3, where we presented our model with its basic assumptions. Section 4 is
where we discussed and apply the homotopy perturbation method to obtain the approximate
analytical solution to the model. In section 5, we performed numerical experiment on the solution
and discussed the result.

Using Wolbachia to Fight Zika Virus Disease

Wolbachia is a common and widespread group of bacteria naturally found in reproductive tissues
of some arthropods. They are transmitted maternally through the cytoplasm of eggs of their
hosts. They have various mechanisms such as cytoplasmic incompatibility (Cl),
parthenogenesis, and feminization through which they manipulate the reproduction process of
their hosts to their advantage (Werren, 1997). Some strains of wolbachia have the ability to
shorten the life span of the host insect, while others reduce the ability of the host insects to
transmit disease infections to humans. Scientists therefore see these as ways to limit disease
transmission by these wolbachia-infected insects such as mosquitoes (Scott, 2015).

Even though aedes aegypti is not a natural host to wolbachia, it can be manually infected
with it in the laboratory (Hughes and Britton, 2013). These wolbachia-infected mosquitoes are
then released in the zika-endemic area to mate with the wolbachia-free ones. In using wolbachia
to fight zika, it is believed that two mechanisms are involved: (1) the presence of wolbachia in
the infected mosquitoes increases the incubation period (or reduces the incubation rate) of the
virus in these mosquitoes. Since the adult life of the mosquito is short (about 14 days), most of
the mosquitoes carrying the virus die before they become infectious. Hence, the infected
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wolbachia-carrier mosquitoes may not transmit the virus to humans through their bites. (2)
wolbachia induces cytoplasmic incompatibility (ClI), which helps its host mosquitoes to invade
the population of wolbachia-free aedes aegypti mosquitoes in the wild (Koiller et al., 2014). CI
is a biological phenomenon that prevents the development of embryos (non-hatching of eggs)
when wolbachia-carrier male mosquitoes mate with wolbachia-free female mosquitoes or mate
with female mosquitoes that carry a different wolbachia strain (Mains et al., 2013). The effect
of cytoplasmic incompatibility on the mosquitoes' reproduction process is summarized below.
e wolbachia-free male with wolbachia-free female produces wolbachia-free eggs.
e wolbachia-free male with wolbachia-carrier female produces wolbachia-carrier eggs.
e  wolbachia-carrier male with wolbachia-free female to produce non-viable eggs.
e wolbachia-carrier male with wolbachia-carrier female produce wolbachia-carrier eggs.
Consequently, wolbachia-carrier female aedes aegypti will have the advantage of
producing more offspring than the wolbachia-free female mosquitoes (Hankock et al., 2011).
Therefore, vast number of aedes aegypti mosquitoes will eventually carry wolbachia and will be
less capable to transmit zika virus to humans. In this work, we assume that the wolbachia strain,
wMel, which will reduce zika virus transmission from mosquito to humans is used.

The Mathematical Model

Human beings may contract zika virus when bitten by infectious female aedes aegypti
mosquitoes or when infected human passes the virus to uninfected human through unsafe sex,
unsafe blood transfusion or perinatal transmission from mother to child. On the other hand,
transmission of zika virus from human to mosquito occurs when an adult, uninfected female
aedes aegypti mosquito bites human to suck blood. If the human is already infected with the
virus, he may pass it to the mosquito. The mosquito once infected remains so and continues to
infect humans throughout its life time. The model we propose is made up of three major
populations; human population, adult female wolbachia-free aedes aegypti population and adult
female wolbachia-carrier aedes aegypti population used as control. We use a set of non-linear
ordinary differential equations to model the dynamics of zika virus in these populations.

Zika Dynamics in Human Population

The total human population, Ny(t), at any time, t, is divided into 8 compartments or classes,
namely, the susceptible class, Si(t); the latent or the exposed class Ex(t), the symptomatically
infectious class; Ins(t), the asymptomatically infectious class Ias(t), the treatment class, 1+(t); the
non-treatment class, Iyr(t);the partially recovered class, Ry:(t) and the totally recovered class,
R (t).

Individuals in the human population are recruited into the susceptible class either through
migration into the zika- endemic area at the rate, Iy, or through birth of zika virus-free offspring
at the rate uy. The susceptible class acquires zika virus either through infectious wolbachia-free
mosquito bites, with probability,a,,, or through humans in the infectious classes; treatment
class, non-treatment class and partially recovered class, with probability, ayy, to move to the
exposed class. The susceptible humans may also contract the virus through the bites of
wolbachia-carrier mosquitoes with a very negligible probability of infection, apwy < apy-
The exposed class becomes either asymptomatically or symptomatically infectious, in the
proportions v and (1 — v), respectively at the incubation rate Sy. Due to transmission of zika
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virus from infected pregnant mothers to their offspring, we assume that the proportion §, of the
young ones does not carry the virus, hence, it is transferred to the susceptible class, Sy(t), while
the infected proportion 1 — &§, moves to the exposed class, Ey(t). The proportion, w of the
symptomatically infectious class receives treatment at the rate , to be in the treatment class, I+
(t), whereas (1 — w) receives no treatment, and stays in the non-treatment class, Iyr (t). The
treatment and the non-treatment classes recover partially at the rates, v;, and v,, respectively, to
move to the partially recovered class, Ry (t). After some period of time, the partially recovered
and the asymptomatically infectious classes recover fully at the rates y; and y, respectively, to
be in the totally recovered class, Ry,(t). An individual remains in the totally recovered class, and
cannot be re-infected with the virus by any means until natural death occurs.

All the classes in the human population benefits from the natural mortality rate o, whereas
only the diseased classes are affected by zika-induced death at the rate o'y, which is negligible.

Zika Dynamics in the Aedes aegypti Populations

The population of wolbachia-free adult female aedes aegypti mosquitoes is grouped into 3
classes namely; the susceptible mosquitoes, Sy(t),(those that can contract the virus by biting
infectious humans); the exposed mosquitoes, Ey(t), (those that have contracted Zika virus but
not infectious), and the infectious mosquitoes, Iy (t),(those that have contracted the virus and are
infectious). The wolbachia-free male mosquitoes mate with their female counterparts in the
wolbachia-free and wolbachia-carrier mosquito populations to produce wolbachia-free and
wolbachia-carrier offspring, respectively. The female wolbachia-free mosquitoes join the
susceptible class through migration at the rate IT,,, or through oviposition at the rate u,,. To
model the effect of cytoplasmic incompatibility, we assume that the proportion g, of the eggs
produced by the female wolbachia-free mosquitoes are viable, while (1 —g) are non-viable.
Susceptible mosquitoes contract zika virus when they bite humans in the infectious classes at
the biting rate b,, with probability of infection, a,., and move to the exposed class. After some
period of time (incubation period) in the exposed class, the mosquitoes become infectious and
move to the infectious class at the rate, 5. The mosquitoes remain infectious throughout their
lifetime until they die naturally at the rate, ay,.

Similarly, the female adult wolbachia-carrier aedes aegypti mosquitoes are grouped in the
same manner, with the following compartments, the susceptible wolbachia-carrier class; Syu(t),
the exposed wolbachia-carrier class; Ew,(t), and the infectious wolbachia-carrier class; Iyw(t).

The dynamics of zika virus disease in the wolbachia-carrier mosquito population is similar
to that of the wolbachia-free mosquitoes, except at the infectious stage where the probability of
the wolbachia-carrier mosquitoes to transmit the virus to the susceptible humans is negligible.

The assumptions above and the flow diagram (Figure 1) lead to the following system of
ordinary differential equations as our model for the transmission and control of zika virus
disease.
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Figure 1: Flow Diagram for the Disease Transmission and Control
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dt() [Ty +amesy Ny —Biay Sy (OF (N, ) — oy Sy (1),
dE,, (t
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(t)

=PBuEn () —oy 1y (O),

t
MW() = [Ty 526 N = 0,200 S ) F (N ) — 0y Sy, (D),

dt
dEg‘:[V(t) B, S (D F (N ) = (B, + 0 ) B (D,
dl, () g
T_IBMWEMW(t) M IMW(t)’

HS+IT + INT +RH1
NH

EH (0)=E0 Has(o)_ II(-JiaS’ Hs(o)_ IHS’ I (0)_ IO NT (0) NT’ Hl(o) RHl’

Ry, (0)=RY,, Sy, (0)=Sy, E,(0)=EY, I, (=15, S,,,(0) =S, E,.,(0)=Ep,,

I, (0) = I&W,whlch we assume to be all non-negative quantities. The total human population

Ny, the total wolbachia-free mosquito’s population Ny, and the total wolbachia-infected
mosquito population N, satisfy the differential equations

| I
Where F(NH)=[ tas J The initial conditions are S, (0)=S;,

dN .
dtH =I1, +(my =0 )N, —o N}, )
dN
dtM =11y +(axesy —oy )Ny, ©)
dN
TMW = + (&t = 30 )N @)
respectively.

The domain of existence of the solution to the system can be described as
D=D,UD,UD,
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Where
Dy ={(h Ev: Thast T Tr s |T1RH1’RH2)€Di
|Sy +Ey +1 +1 .+ 1+ +R,, +Ry, <N}
D, ={(Sw.Ew. 1) €l [Sy +Ey +1y <N} (©)
D, ={(Su Esnes ) €72 1 Same + B + Tiw < Ny d

Theorem 1: Given that the initial solution X, is positive in D, the system of equation (1)
possesses a unique positive solution X(t) that remains in D at all times.

The existence and uniqueness of the solution are guaranteed since the right hand side of (1) has
continuous partial derivatives with respect to each population class. Also it is easy to show
through differential inequality that the individual solutions are all positive at all times. For
example, using the first equation in (1), we have

ds, (t I I
L0} = II, +ouy Ny —bayy, Sy = —b,a =S, — 42, SyF (N, ) -0, Sy,
dt NM NMW

I I
> _(bﬂMH ’\I—""+b205MWH Nﬂ+/1aHHF(NH)+O'H]SH

M Mw

ds,, (t I I
= ﬁé)) . _(blaMH ﬁ-i_bZaMwH NLMW"'/IQ'HHF(NH)"'GHJ

Iy (s |
m ( )+bz“MwH (s),\lM*ﬂaHH F(Ny)+oy st
S Mw

- f! MH
= S, (t) > Sle { Nu &)

>0

The positivity of other solutions can be shown in similar manner. Therefore, the solution is

positive in D ¥V t>0.
Next, we show that D is positive invariant with respect to the flow of the model system.

We can show this using the total populations in (2), (3) and (4).

From (2), we have that

dN,,
dt

< Ty +(sy —oy )Ny,

= N, () < . Np g (onw)t
On —Hy

=I1y +(uy —0y )N, —o N,

Therefore, !imsup NH(t)SL. This shows the total human population is bounded.
e Oy — Hy

Hence, all the solutions in the human population remainin D V t >0

Similarly, in the wolbacha-free and wolbachia-infected mosquito populations, we have
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I1

——M _ and limsupN,,, (t) 3% respectively. Hence, all the
oy — Ky e Om ~ Ktyw

solutions for the mosquito populations remain in the domain D ¥ t >0. This shows that D is
positive invariant.

!imsup N, (t) <

Approximate Analytical Solution

We seek an approximate analytical solution to the system of nonlinear equation using the
homotopy perturbation method (HPM), introduced by Jihuan He in 1998 (Biazar and
Aminikhan, 2009). This method is a combination of homotopy, and the traditional perturbation
method in which the solution to the system of differential equation is obtained as an infinite
series in the independent variable, t. This method has been employed to solve a variety of linear
and nonlinear differential equations arising in science and engineering. In the area of
mathematical epidemiology, the method has being effectively used to find approximate
analytical solution to the system of nonlinear differential equations that governs the spread of
the diseases, see (Ebenezer et al.,2016), (Khan et al., 2013), (Adamu et al., 2017) and others.
The main idea of this method is the introduction of a parameter, p €[0,1], called homotopy

parameter, such that starting from p = 0, the system undergoes a sequence of changes or
deformations until p = 1. Essentially, at p = 0, the system is in its simplest form, and admits a
much simple solution. As p increases to 1 the equation deforms gradually to the original
equation, and the approximate analytical solution is obtained.
To apply HPM, consider the non-linear differential equation

Au)—-f()=0, teQ (6)

with boundary condition B (u, 2—“) =0
n

where A is the general nonlinear differential operator, B is the boundary operator, f(t) is a
known analytic function. The idea is to split the differential operator A into linear, L and non-
linear, N,

parts, so that (6) becomes

LW +N@u)-f({t)=0, teQ (7
Then, the homotopy, v(t,p): 2 % [0,1] — R, is constructed which satisfies the equation
H(v, p) = (1= p)[L(V) - L(uo)]+ p[(v) - T ()] =0 ®
which when rearranged, gives the simpler form
H(v, p) = L(v) =[1- p]L(u,) + PIN(v) - f ()] =0 ©)

where p [0,1]is the embedding parameter and u, is an initial approximate solution to the
original differential equation (6). From (8) and using p [0,1], we have

H(v,0)=L(v)-L(u,) =0 (10)

H(v,)=A(v)- f(t)=0 (11)
It is assumed that the solution to (9) can be written as a Maclaurin's series in p as

V=V, + pVv, + PV, + PV, +... (12)
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which on setting p = 1 we get the approximate solution to the system of differential equation

(6).

Obtaining Approximate Analytical Solution to the Model Equations
We start by constructing a homotopy for the system that satisfies (1), with the assumption that

the initial approximate solution, u,, to the system is zero. Hence, (9) gives

dSH(t):IC{H SN [blaMH by, M v +Aa,, F(N,, )+GH]S J
dt M NMW
dE,®) [, Ju v -
T p((l )Ny +[b1aMH N, + b, NMW+/1aHHF(NH)jSH (B +GH)EH]’
HJS(t) = pP(VBLE, — (ot oy + o)),
dlﬁi—(t) = P(A-V)BEy ~(o+1l-0+0y, +0l)ly),
dldt(t) = p(twl,, — (v, + o, +7)1;),
LS S
ng;(t) =p(Vvly +V, 1 = (, + oy +O—H)RH1)
%: P Rus+72Nas — 0w Ry,
% = p(I1,, +axu, N, —bayy, Sy, F(N,) -0, S,, (1), (13)
dEdt(t)_p(bl G Su OF (Ny) = (B + 0B, O),
dt(t)— P(BuEy (1) —oy 1y (1)),
dshévtv(t)_p(HMwKuMw o — Do Syny O F (N ) — 0y, S (D),
%= P(b. iy S (VF (Ny) = (B + 00 ) Epn (O),
% = PP Era ) =03 1y, O),
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%= Py +(uy — oy )Ny =0 NY),
dN,, (t

#()= p(ITy +(axzy =0y )Ny,

dN,,, (t

%O - p(HMW +(K/“Mw _O-Mw)NMw)’

Using two-term approximations for each class, we write the solution to (13) in the form
S, (t)=S,,+ PS., + P*S,, E (t) =E,, + PE,, + P°E,,,

Lios 1) = Lugo + Plysy + P lszn T @© = iz + Plugy + P hz,

I () = 1o+ Pl + PPy, Ly () = 1,0+ pl,, + PPl

Ryi(t) =Ryo+ PR+ PR, Ry (1) =Ry + PR,y + P°R,,

Syu(t)=S,,+ PS,, + p°S,,, Ey, (t) =E, + PE,, + P°E, ,, (14)

IM (t) = I3,0 + p|3,1 + pzls,zi SMw(t) = S3,0 + pS3,1 + p283,2’
Epw () =Ej + PE;, + P°Eyy, Ly (1) = 1,0+ Pl + P2l ,,
NH (t) = Nl,o + pN1,1 + ple,z’ NM (t) = Nz,o + pN2,1 + pzNz,zv
NMW(t) = Ns,o + pN3,1 + p2N3,2’
where the coefficients of p°, p* and p”in each equation are functions of t to be determined.
By substituting (14) into (13) and comparing the coefficients of p°, p' and p°, we get the
following system of ordinary differential equations for each power of p.
For p°, we have
Sll,o (t) =0, Eil,o (t) =0, ||,41,o (t) =0, ||’42,0 (t) =0, I1’,0 (t) =0, Ié,o (t) =0, R:I:O (t) =0,
Ré,o (t) =0, Sé,o (t) =0, Eé,o (t) =0, Ié,o (t) =0, S3’,0 (t) =0, Esl’,o (t) =0,
(15)
L,o(®) =0, Ny () =0, Nz, (t) =0, N; o () =0,
with the initial conditions,
Sl,O(O) =S, ) El,O(O) = EI(-)U IHl,O(O) = |3as' IH2,0(O) = II(-)|s’ |1,o(0) = |$1 |2,0(0) =y

NT !

R, (0) = Rﬂll Ry0(0) = R32182,0(0) =Su, E,0(0) = EI?/I 150(0) = II?/I 1550(0) = Sy

Mw?

E3,o(0) = El?/lw’ |4,o(o) = Il(\)llw’ Nl,o(o) = Ng ' Nz,o(o) = NI?/I 1 N3,o(0) = Nl(\)/IW’
Solving (15) and applying the initial conditions, we have

Sl,O(t) =S ) E.I.,O(t) = E|(-)| ) IHl,O(t) = |3as' |H2,0(t) = II(-)|s’ |1,o(t) = I'I(')’ |2,o(t) = Ir(\)m
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R1 = RHl’ zo(t) RHZ’ 2,o(t)=81(\)/|’E2,o(t):E|?/| |3o(t)_|0 so(t) SMW’
(16)

30(t) EMW’ 4,0(t)_|l(\)/lw’ 10(t) NH’NZO(t) NO' so(t) NMW’
For p*, we have the system

!

| n
S (1) =TT, +3uy N, (blaMH N’ b,y ﬁ_'_ﬂ’aHH NA-FO_H]SLO

2,0 3,0 1,0

. | I ny,
Ey (1) =(1-6) iy Nyp + [bﬁ‘MH NB_O +B,0ty 4 ﬁ + Aoy, N ] —(By +04)EL,
1,0

2,0 3,0
IF’—|1,1(t) =VB,E, —(y, +oy +OJH)|H1,0
2, () =A-V)B,E —(to+1l-w+o0, +0()l
I, () =70l,,, -\ +0, +0})]l5,
Ié,l(t) = (1_a))|H2,o (v, +oy +O_I,-|)I2,O
Rll,l(t) =V1|1,0 +V2|2,o ~(n+oy +o )RLO
Ré,l(t) = 7/1R1,o +7/2|H1,0 —Oy Rz,o

S;,l(t) =1, +akuy, N2,0 [blaHM N ~— 1tOy ]82,0
10
n’

Eé,l(t) =bay N;O Sz,o —(By +oy )Ez,o

1,0

’
|31 PuE 2,0 —oyl 3,0

S.’::,l (t) =11, +kﬂ|v|wN3,o _{bzaHM

!

n
ﬁ +0,, ] S;o (17)

1,

!’ n’
E;:, (t) = b, NA Sg0— (Buw t0Ou )Ea,o

10

Iz’u PuwEso —0owmlao
1,1 (t) = HH +(:uH —Oy ) Nl,o - Gl,—i Nllo
N;,l ®) =I1,, +(ak gy —o) Nz,o

NS’,l ) =11y +Kti —0On) N3,o
with the initial conditions

81,1(0) =0, El,l(o) =0, IHl,l(O) =0, |H2,1(O) =0, |1,1(0) =0, |2,1(0) =0,
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Rl,l(o) =0, Rz,l(o) =0, S2,1(0) =0, Ez,l(o) =0, |3,1(0) =0, 83,1(0) =0,

E3,1(0) =0, |4,1(0) =0, Nl,l(o) =0, Nz,l(o) =0, N3,1(O) =0,
The solution to (17) is

0 I 0 n!
Sy (1) = (HH +u, NO (blaMH '\g B, o~ T A% ng Toy SI(-)I t
Ny

N° ¥
0 L i LY 0
E.(1) =] QA-0) Ny +| by, N_o+b2aMwH NG -+ Aoy, —o N° —(By+ou)E, |t
M Mw H

Ly, (8) = (VB EL — (7, + 0y + 01 I
HZl(t) (@-v) A, EO —(to+1-w+0, +GH)| It
1, (1) = (r0l = (v, + o +07,) 1Pt

L, () = (A- @)1 — (v, + o, +07,) It

R, (1) = (I7 +V, 13 — (0 + 01 )R

R,1 (1) = (1R + 7,10 — oW RO

S, () =(HM +0k 4 Ny —(blaMH %+JM js& jt (18)

H

nf
E2,1(t) = {blaHM N_lgs& —(By +oy )EI?/I ]t

H

|3,1(t) = (ﬂM El(\)ll —toy II?/I )t

S3,1(t) [HMW-H(IUMW [blaHM '+GMJSI(\)/IW]1:

H

n,
E3,1(t) = (bzaHMw N—lgsf/.w ~(Buw t O )E&w]t

;
L2 (®) = (BB =00 i)t

N,, () = ([T +(e4y — 0 )NG — o)t
N,,(t) = ([T, +(akzy — o )N )t
Ny, () = ([T, +(K it — 0 INGIE
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For the coefficients of p2, we solve the system
Sl,O I3,l + S1,1 I 3,0

Siolay + S,
") — 10141 T 911140
Si,(t) = Ny, —| by, N +0,0 N
21 31
1 Spollpas + 1o+l + 1, + Ry, Syallso + 1o + 1o+ 1o +Rig S
A0y N Ay, N —Op9o
11 11

S, .. +S .1 S 1,,+S,.1
SHORLED AN —[blaMH S g, S S ]
2,1 31

Sl,l(IHl,O + IH2,0 + Il,O + IZ,O + Rl,O
Nl,l

Sl,O(IH1,1+ IH2,1 + |1,1+ I2,1 + Rl,l _

N1,1 —(By +ou )El,l

Aoy,

—Aayy,

Iﬁl,z(t) =V, E1,1_(72 +oy +O—|,—|)IH1,1

I2,(t) =A-V)B,E, — (o +1-w+0y, +0op)ly,,
I, () =t0l,,,— (v +o, +o)l,

L, ) =A-o)l,, — (v, +o, +o)l,, (19

RO =vl;+Vv,1,, —-(n+o, +o,)R,

R, () =Ry +7lu —onRs,

Sz',z(t) = QK,UM N2,1 _blaHM SZ,O(IHM + IHZ,;\I"' |1,1 + |2,1 + R11) _blaHM SZ,l(IHl,O + IHz,ol\l"' |1,o + Iz,o + RLO) _
11 11

o-M Sl,l

Eéz(t) — blaHM S2,0(|Hl,l + IHZ,:[L\I+ Il,l + |2,1 + Rll) _blaHM SZ,l(I H1,0 + IHZ,C;\I-’_ Il,O + IZ,O + RlO) _(ﬂM +O_M )Ez’1
11

11
4 —
|3,3 ) =By E2,1 —Owm |3,1
S3,0(IH1,1 + IH2,1 + Il,l + I2,1 + Rl,l)
Nl,l

IH2,1 + Il,l + I2,1 + Rl,l)
Nl,l

b Syi(lppo +hoo t 1o+ 10+R,) S
D&y N —O\u931
11

S52(1) =Ky, Ngy =Dy,

So (Lo + oo+ o+ 1o +RY)
_ bzaHM 31\ "H10 H 2,(;\l 1,0 2,0 1 _ (ﬂMW + O_M )E3y1
11

S,o(ly,,+
E?:,z(t) = bZaHMW 3’0( =

u,z t) = IBMW Es,l Y |4,1
N1’,2 (t) = (:UH — Oy )Nl,l _GI,-l Nl,l
N, (t) = (ak iy —ow )N,y

N3,,2 ) = (ke — o) N3,1
with the initial conditions
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S1,2 0)=0, E1,2(0) =0, IH1,2 0)=0, |H2,2(0) =0, |1,2 0)=0, Iz,z (0)=0,
R_L,z(o) =0, Rz,z(o) =0, 82,2(0) =0, E2,2 0)=0, |3,2 0)=0, 83,2(0) =0,

E;,(0)=0,1,,(0)=0,N,,(0)=0,N,,(0)=0,N,,(0) =0,
The solution to (19) is

S2i, +5,,1° 8%, +s,1° Son, +s,,n t2
_ s T 9111w Hla 791 lw H g T3l
Si, ®= _(blaMH +b,a, = |t-Aayy, t+ (o Ny — oy Sy,) E
Ny, Ny 1
S 8%, +s,,1° Son, +s,,n t2
E. 0= _[blaMH w"'bzanﬂw w t+ Aoy, Mt"’(l_é‘)#ri n, — (B, +oy )911)5
21 31 1

2

|
|H1,2(t) =(vB.e,— (7, + oy +O—|,-|)|11)E

N &
IH2,2(t) =(A-v)B,e, - (to+1-w+o, +GH)I21)E

" VN &
|1,2 (t) = (r0iy, — (v, + o + 03, )'11)3

. N &
I, (1) = L- )iy — (v, +o +0),)iy) E

. . NN &
R, (t) = (i, + Y,y — (1, + 0 +07)iy) 5

2

- t
Rz,z (1) = (b + 7,0y — 0 1y) E

Son +s,.n t2
Sz,z (1) =-ba,y ML 2Dt (kS nyy — 0y 'Syy) E (20)
1
SI?/I N, + 5, t?
E,, t) =-ba,, ———t—(By +oy)ex E
1
2

|3,2 (t) = (ﬂM €1~ 0w i31) tE

Sy + S5, t?
83,2 (t) =-ba . Ml S0t (KOt Ngy — 0 S31) E

11

S n. +s,.n t2
E;, (t) =-bay, %“t —(Buw o )8s E
11

2

1,2 (1) = (Buu€s — Owis) tE
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2

VN
Nl,z O =y —o)ny —oyny,) —

2
tz
N,, 1) = ((akpy — oy )nZl)E
t2
N, (1) = (Kt — O INgy) E
Where we have used
0 0 II\O/IW n; 0
Sy =11 +0u, Ny blaMH o Py =5+ Aoy —5 0y Sy,
M N Ny
= By EO O-MII?/I’
41:/8Mw —Op Mw’nlO_II(-)|a5+|0 +|O+|O +R|(-J|1’
n11: "'(/UH _O-H)N _O-HnlO’
=11, +(k,urv| _GM)N ’ T +(K g, — O-M)NMW7
1l:VﬂH (7, +oy "‘O'H)lHas,
N o n'
&, = (1= )y Ny + blaMH 04D, =5+ Aoy =5 Sh = (B +04)Eq,
M NMW NH
n.
blaHM O SO —(By +O_M)E €31 = b,y NO SI(\)/IW (IBMW+O-M)EMW’
H H
iy, =(L-W)Ip — (v, +0 +o )3, by = (L-V)B,ES —(tW+1-W+a,, +o)I,
iy = oWl — (v + 0, + o)1, 6 =V V1 = (7 + oy + 07 )R,
Zl:]/lREIl_'_}/ZIgas WRi,
S, =1y +aky Ny _[blaHM o TOm )S&v
H

*

HMW+k/uMW Mw [blaHM +O_MJS|3|'
H

Substituting the solutions (16), (18) and (20) into (14) and allowing p — 1, we obtain the
approximate solution to the model equation.
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Table 1: Parameter values used in this model
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Parameter Value Source Parameter Value Source
HH 100 Assumed 6; 0.001 Assumed
1, 0.002 Assumed HM 50 Assumed
0.75 Gao et al., 2016 50 Assumed
Oy ( ) HMW
) A . A
" 0.5 ssumed Ly, 0.6 ssumed
) 0.75 Assumed Ly 0.8 Assumed
W
B 1 (Kucharski et al., k 0.45 (Ndii et al., 2012)
i 3 2016)
A 0.02 (Wang et al., 2017) bl 0.05 Assumed
0.8 Gao et al., 2016 0.7 Assumed
Xy ( ) b, u
v 0.8 (Gao et al., 2016) Yii 1/9 (Dantas et al.,
M 2017)
T 05 Assumed ﬂ 1/18 Assumed
Mw
W 0.85 Assumed a 0.75 Assumed
MH
vV 0.28 Assumed o 0.001 Assumed
1 MwH
v, 05 Assumed A 0.5 Assumed
7, 0.25 Assumed oy 0.005 Assumed
o 0.15 (Ndii et al., 2012) q 0.17 Assumed
M

Numerical Experiment

We simulate the approximate analytical solution obtained in section 4. The simulations are done
with MATLAB software using the parameter values in Table 1, and the initial solutions

Sp =1000, E. =16, 1} =20, I, =10, 13; =10,

R}, =0, R}, =10, S5 =980, E,, =90,

The results of the numerical experiment are shown in the figures below. In Figure 2, we
see that over time, the population of the wolbachia-carrier mosquitoes overtakes that of the
wolbachia-free mosquitoes. This the resultant effect of cytoplasmic incompatibility (C.I). The
effect of Cl is further seen in Figure 3, where the population of the susceptible wolbachia-free
mosquitoes increases until it reaches equilibrium. At this equilibrium, the wolbachia-carrier
mosquitoes have established in the zika-endemic area, and subsequently prevent further increase
in the production of new ones. It is easy to show that this population will start to decrease as
time increases beyond this period. The effect of this bio-control method is more pronounced in
Figure 4, where the population of infectious wolbachia-free mosquitoes decreases sharply after
some period of time. The effect of the reduction in the population of the infectious wolbachia-
free mosquitoes is shown in Figure 5, figure 6 and Figure 7. In these figures, we notice drastic
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reduction in the populations of the exposed humans, the asymptomatically-infectious humans
and the symptomatically-infectious humans. With these reductions in the populations of the
infectious humans and wolbachia-free aedes aegypti mosquitoes, zika virus disease will not
spread in the population, hence the disease is controlled.

4.5 T T T T T T T T T

— N

N

0 5 10 15 20 25 30 35 40 45 50
time(days)

Figure 2: Total Population of Mosquitoes
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Figure 4: Infectious wolbachia-free
mosquitoes
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Figure 3: Susceptible wolbachia-free
mosquitoes
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Figure 6: Asymptomatically Infectious Figure 7: Symptomatically Infectious
Humans humans
Conclusion

In this work, we have presented a mathematical model for using wolbachia-carrier aedes aegypti
mosquitoes to stop the spread of zika virus disease. We have demonstrated the effectiveness of
using this mosquito control method by showing that in the long run, the wild aedes aegypti
mosquitoes responsible for the spread of the disease is gradually replaced by the wolbachia-
carrier mosquitoes which are not harmful, thereby reducing the number of people that will be
exposed to the virus.

We conclude that using wolbachia-infected mosquitoes as a control for zika virus disease

is an efficient and effective method for stopping the spread of this disease. This bio-control
method can also be applied in controlling other mosquito-borne diseases such as malaria, West
Nile, yellow fever and others, since other control methods have proved ineffective.
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