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Abstract

In this research paper, a defined contribution (DC) pension plan member’s optimal portfolio
strategy with return of contribution clause under modified constant elasticity of variance
(M-CEV) is studied. Considering investment in a risk- free asset and a risky asset modeled by a
M-CEV process, a continuous time mean-variance stochastic optimal control problem consisting
of members’ monthly contributions, returned contributions and invested funds is formulated.
Using the game theoretic method and mean variance utility, a non-linear partial differential
equation (PDE) called the extended Hamilton Jacobi Bellman (HJB) is established and solved
for the optimal portfolio strategy and efficient frontier using change of variable and variable
separation technique. Also, theoretical analyses of the impact of the modification parameter and
some other sensitive parameters on the optimal portfolio strategy were studied. Moreover, our
result generalizes some existing results.

Keywords: Modified constant elasticity of variance, extended HJB equation, optimal portfolio
strategy, return of contribution, mean variance utility, change of variable technique.

1. Introduction
The modified constant elasticity of variance process is an improved stochastic volatility model
and an extension of the CEV process. It was first developed and used by Health and Platen
(2002). Considering the unstable nature of the financial market especially with the ravaging
effect of the deadly corona virus pandemic which has destabilized most countries economy and
businesses, the need to choose a stochastic volatility model that best fit the volatile nature of the
financial market is of necessity. Examples of such volatility models include the Heston’s
volatility, M-CEV model etc. Some of the great features of the M-CEV model is that it captures
the volatility smile effects of the stock price, it’s probability can touch zero unlike Geometric
Brownian Motion (GBM) which always positive, it enhance analytically tractable strategies etc.
The optimal portfolio strategy is an important aspect of study in financial mathematics and
has received diverse attention from several researchers in academics and financial institutions
all over the world. In (Health and Platen, 2002), the M-CEV process was used to develop a
hedging and consistent pricing Process; here they considered a modified CEV model by
introducing a modification parameter and proved that there exist no corresponding risk or neutral
pricing measure and therefore, the classical risk neutral pricing methodology fails. Furthermore,
they used the bench mark method to establish a consistent pricing and hedging framework. They
also showed that nonnegative price process and benchmark duplicate the contingent claim.
(Muravey, 2017) investigated optimal portfolio strategy with M-CEV model and solve for the
explicit solutions of the optimal strategy in terms of confluent hyper-geometric functions using
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the Laplace transforms and also application to the algorithmic tradition. (Ihedioha, 2020) studied
the optimal investment problem for an investor under M-CEV and Ornstein-Uhlenbeck models;
he showed that the investor’s optimal portfolio strategy when the Brownian motions (BM) do
not correlate is less than the optimal portfolio strategy when the Brownian motions correlate.

In Recent times, the optimal portfolio strategy with return of contributions clause have been
investigated by many authors. In He and Liang (2013) who studied the optimal portfolio strategy
for a DC plan with return clause under mean-variance utility was studied. In (Sheng and Rong,
2014) the optimal investment problem was studied for both the accumulation and distribution
phases. In their work, the risky asset followed the Heston volatility model. (Chai et al., 2017)
studied portfolio selection problem with return clause where the risky asset was modeled by a
jump diffusion process. They also studied the effect of the jump diffusion process on the strategy
and value function. (Akpanibah et al., 2019) extended the work of (He and Liang, 2013) by
considering investment in a risk free and two risky assets and solved for the investment strategy
of the three assets. (Wang et al., 2018) investigated the same problem by considering investment
in one risk free asset, stock and inflation index bond where the stock market price was modelled
by Heston volatility process. The optimal portfolio strategy in a pension scheme with a risk free
and one risky asset was studied by (Akpanibah and Osu, 2019) when the returned contributions
are with accumulated interest from the risk free asset and the price of the risky asset modeled by
GBM. Also, (Akpanibah et al., 2020) studied the the optimal allocation strategy for a DC plan
with return of contributions with predetermined interest under Heston’s volatility model.

The optimal portfolio strategy under the CEV model have been studied in (Li et al., 2017;
Osu et al., 2018) under different assumptions. In (Li et al., 2017), the equilibrium strategy in a
DC plan with default risk and return of contribution clause under CEV process was studied; the
stock market price was modeled by CEV process and investment in three different assets while
in (Osu et al., 2018) the optimal portfolio strategy was studied for a DC plan with multiple
contributors and the stock market price was modeled by CEV process.

From the available literatures and to the best of our knowledge, no work has been published
that studied the optimal portfolio strategy of a DC pension plan member where the stock market
price is modeled by modified constant elasticity of variance (M-CEV) model and this form the
basis of this research.

2. Mathematical model of the Financial Market

We assume that the market is made up of risk-free asset (cash) and risky asset (stock). Let
(Q, F,P) be a complete probability space where ( is a real space, P is a probability measure
and F is the filtration which represents information generated by the standard Brownian motion
Z.(t).

Let S;(t) be the price risky asset (stock) whose price process is modeled by the modified
constant elasticity of variance (MCEV) (lhedioha, 2020) and is driven by the stochastic
differential equation as follows
ds.(t) = S, + kE2SP N dt + ESP1dZ,. (2.1)
where 7 is the instantaneous expected rate of return for the risky asset, k > 0, is the modification
factor, &is the instantaneous volatility, and A, the elasticity parameter and satisfies the
conditiond < 0. If ¥ = 0, then the stochastic differential equation in (2.2) reduces to that of a
CEV process (Gao, 2009; Akpanibah and Ini, 2020).
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Let C;(t) be the price of the risk-free asset (bank security) and is given as follows
dC:(t) = RC.dt, (2.2)
where R > 0 is the risk free interest rate.

Assume the fraction of the wealth invested in stock is 1, and the fraction for the bank
security is y, such that Y, = 1 — ,. Let the contribution rate at any time be . , the initial age
of accumulation phase n, T is the accumulation period such that n + T is the end age. The

actuarial symbol A%His the mortality rate fromt to t + % tm is the premium accumulated at
time t, thanH is the returned premium at time t + %during the accumulation phase. If we

take into consideration the time interval of the accumulation phase [¢, t + %], the differential form
of the member’s wealth can be formulated thus:

S 1 C’ !
c,<l(t+%) JZ(t)(q;l ;¢+lp0 C >+/m——t/m51n +t](#>

=no+t

(2.3)

Crpd 1
A0 w( 5f+ﬂ)+(1—¢)< 4—ﬁ+ﬁ>> Bi,
cﬂ(t+%): <1 S St ! Ce Ce Gt |<1+_1—ZO )
1 1

[ Sead Ceit ]
cﬂ(t+1)= cﬂ(t)<¢1+1—l/)1+‘/)1(5t _5_t>+(1_lp1)<e_t_c_t>>|(1+
|

’VLO+t
=mno+t
—" ) (2.5)
Z,n0+t
S 1-8; Ct+1 Ct
C/q(t) lpl < . ) + (1 - lpl) < é > Al,,n0+t
c/l(t+—)—c/l(t)= ’ 1+
—A1
Z,no+t
+m-— tm6%no+t
(2.6)
1 A1n0+t 1 1
By, =1-exp(- f C(mng +t+6)ds} = Slmg + 07+ 0@ =1 —— = {lno + D7+ 0C)
Mo —n0+t
1 A ={( d A%.noﬁ: ={( d 1 d s +% 5 dSt H‘ —G dcf
Z—)OO, %.%o+t_(n0+t) t,l_AlnH_cno-i_t) t'mZ_)mt' St St Ce C_t

2.7
Substituting (2.7) into (2.6) we have

dA(t) = [c/l(t) (ll)l By (1-y, det) + mdt — tm{(ng + t)dt] (1 + ¢(ng + t)dt)
2.8)
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Substituting (2.1) and (2.2) into (2.8), we have
G A (1 ((n + k&28FMdt + £854d2,) + (1 — P,)Rdt)
® +m(1 —t{(ng +t))dt
(2.9)
Since {(t)is the force function and w is the maximal age of the life table. From [12]
The force function is given as

(H=-—0<t<n . (2.10)
This implies that
(g +t) = — (2.11)

n—mngo—t

Substituting (2.11) into (2.9) and simplifying it, we have

( A(b) <(n +KEISPA - R)Y, + R+ !

”‘”°‘t> dt + P, A(t)ESHdZ, 5

o= o (52
l A0) = a, J
(2.12)

3. Extended Hamilton Jacobi Bellman Equation

In this section, we consider a member with interest to maximize his fund size and minimize the
volatility of the wealth accumulated. Hence, we develop an optimal portfolio strategy with the
help of mean-variance utility function as follows:

K (t,a,8) = sup{E; 4 s AV (T) — Var, 4 s AY1(T)} (3.1)

Y1
following the procedures in (He and Liang, 2013; Ini et al, 2020) and applying the game theoretic
approach in (Bjork and Murgoci, 2009). The control problem in (3.1) is similar to the Markovian
time inconsistent stochastic optimal control problem with value function K (t, a, ) such that
K(t,a,8) =supL(t,a,s,P)

Py
where

L(t,a,8,11) = Epg s AY1(T) = > Var g AV (T)

2
= (Et,a,ac’qwl (T) - E (Et,a,,5 ["qwl (T)z] - (E"I_“,a,<s°’qll)1 (T))z)
Following (He and Liang, 2013) the optimal portfolio strategy 1, satisfies:
K(t,a,s) =sup L(t, a,s,,P7) (3.3)
P

(3.2)

1
where A is the risk-aversion coefficient of the members
Letd¥1(t,a, 8) = Ep 4 s[AY*(T)], e¥1(t, a, 8) = E; 4 J[AY1(T)?] then

K(t,a,s8) = supw (t, a, d¥i(t,a,s),e?1(t, a, 5))
Y1
where
w(t,a,sde)=d—>(e—d? (3.4)

Theorem 3.1 (verification theorem).If W,X,Y are three real functions:[0,T] X R = R
satisfying the following extended Hamilton Jacobi Bellman equation equations:
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a <(77 + k28— R + R + _1 _t>
Wy —we + o W, —wy)
n—mng—2t
) sup < +m(n—n0—t) r=0
Vol (s + g2s )W, — ) + 2 9FatERs P (Wag — M)
1
\ + 552521+2(W55 - M&s) + alplfz‘SZ/H-l(Was - Mas)
\ W(T,a,s8) = w(T,a,s aa?)
(3.5)
where:
Moo = VXg,st = VX X Mss = szz
(3.6)
f 2 22 1 \
al(n+ k&2 —R)Y, + R +
n—mno—t
¢t - Xa
Nn—nog—
) 9 +m(n—n0—t) * =0
+(ns + k&2 X, + %wfazfzéz’lxaa
1
+ E{_’2521+2‘X‘5‘S + alp1€2521+1xa5
X(T,a,8) = a
(3.7)
( 1
a <(77 + K28 — Ry + R + n_no_t>
t * n—mng—2t ya
-
) 4 +m(n—/n0—t) » =10 (3.8)
+(s + KE22 )Y + 2 pFatEZs P Y g, |
1
\ + EEZ'SZA-FZy&S + aw1€2521+1ya5 )
Y(T,a,8) = a?

Then K(t,a,s8) = W(t a,s), d¥i(t,a,s) = X(t a,s), e¥i(t,a,s) =Y(t a,s) for the

optimal portfolio strategy 7.

Proof: see the details of the proof in (He and Liang, 2009; Liang and Huang, 2011; Zeng and Li,

2011).

4. The Optimal Portfolio Strategy and Efficient Frontier
Proposition 4.1. The optimal portfolio strategy for the risky asset and the efficient frontier of

the fund members are given as

eR(E-T) (n—/no—T

() i =Sr

n—mnyg—t

n— R+ k&%
) +(R(n—R)Z+RK2§45“+(1—21)1(2{456’1)(1—eZm“(t_T))+%K2$455’1(T—t)

4.1)
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(i)
Et,zz,a [‘Awl (T)] =
a (n—no—t) pR(T-1))
n—ng—T
22 (17—73)2 K2§2544 o 2RA(t-T)
[ SR
(2A+1)
/ 4RZ) (( —R)? + k%&%s M)[eZRMt n— 1] \ |
+
+ | + (2/1+1) (( fR)2 + Kzfz 4/1) +x(n — iR)) (T —1) | |
mveR(T t) 2 n-mng-2t mv 2 n- no //
\ \+ - (722 ) )_ (n—no—T) (722
Vart_a,é[a‘lwl*(T)]
X n-R)2 K2§254/1
¢ RAE2Z RA
2)101((71;;3) +K25254}‘)[1 e2nA(t— T)]
(nﬁ—;ﬁ _[1_62111(15 7] I
(n_m,czfz 41 G [eznm T)_g2RA(t-T)] (4,2)
3
| (nMRZ) ) ) |[ean(t—T)_1]
\ (71 R)K2$2 42 ( 1121+27]Z.(7]—.‘R))/
(;;*2';)((,1_73)2_,_,{252541)
+| —z(KI=R)+x42542) |[o2RAC=T) 1]
+ ( —-R)2 25254/1
+(ZZR252 szz )
((2/13:1)((,’_32)2 +K25254A)>
_ (K(T]—R)z K3f454’)‘)
* ;Q ZRZ 4 (T_t)
M-R)> , M—R)k=§4s
+( nRE2 nR )
\ G 21‘1)((,7 —R)2+K2§4541)
Proof. Recall that from (3.4),
wy =1+vdw, = —g,wdd =V, W =Wy = WeqmWay = Wae = Wy = Wee =0,

Substituting (3.6) and the above equations into (3.5), we differentiate the resultant equation with
respect to y; and solve for ¢,
. Wa(n+1E25224—R)+E2 8241 (W,  —v X, X;)
11’1 - afzsz/l(waa_vxg) J (4-3)
where 17 is the optimal portfolio strategy.
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substituting (4.3) into (3.5) and (3.7) we have,
(W, + [a (R +——) +m (22| W, + (18 + kE282441)W,)

n—ngog—t

n—ng—t

_ (77+1c§252’1—7€) vz

{
282424 (Waaq-vX3)

+ = (W55 _ sz)fz 2242 =0

\ ;(W;ja;tﬁz;x 5)? 52 2A+2 5(17 + K€2521 R) Was“_’f;f‘s w )
(4.4)
) +m (n_no_Zt)] Xo + (ns + k&282441) X,

n—mng—t

Xe+[a(R+—

n—mng—t

Xas—VXqXs
+ 552521+2x55 - 5(77 + Kfzézl — :R) mxa
(4.5)

_ (71+;c5252’1—72) WoX, =0

£2521 (Wgaa-vXE)

Next, we assume a solution for W(t, a, 8)and X (t, a, 8)as follows:
-2
[ W(t,a,6) = aGi(t) + G, () +3 G5 (), G (T) = 1,G,(T) = 0,G5(T) = 0
21
= Gua+ 25— 1 5L W, = G Weag = We,s =0,

_ —zagzs A= _ 2(2A+1)G,87 A2
W5 - 'W55 -

v v

X(t,a,8) =aH,(t) +ﬁ.‘7{2(t) +l.7-[3(t),.‘]-[1(T) =1,H,(T)=0,H35(T) =0

21
X = Hya + 72—+ T2 Xy = Hy, Xgq = Xas = 0,
—ZAH —24-1 2A(2A+1)H, 87242
y x5=+,x&= s
(4.6)
Substituting (4.6) into (4.4) and (4.5), we have:
( i [Goe = 202G, + 201 — RO ] )
! [glt + (R + n—) gl] a + (n-R)? K2$254/1 512 L
+ ( ez T, )}[_1 =0
l s [Gse + mv (B2 61+ AQA+ DEZG, +e(n — R) + 22, 91]J
(4.7)
5—2/1 (77—73)2 K2€_—254A g%
[}(u + (:R R — t)}[l]a +—[}th — 2RAH, + ( -+ )H_f] )
+3 |2, + mv (“ 2020 31, + A(24 + 1§23 + k(n — R)|
(4.8)
-2
Sincea # O,% * 0,l # 0, then simplifying (4.7) and (4.8), we have
1
{gu + (R P t) G1=0 (4.9)
G1(M) =1
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_ _ G (=R k282t GE
Gor — 212G, + 2(n — R)AH, #, + ( 282 2 )7—[12 =0 (4.10)
G.(T) =0
—ng—2t
Ge + mv (S22 Gy + A2+ 1DE2G, + e — R) + 2662H, 720 @11)
G3(T) =0
1 —
Hie + (R + n—no—t) Hy =0 (4.12)
Hi(T) =1
_ (U_R)Z K2§264/1 ﬁ _
Hae = 2013, + (5 + )7{12 =0 (4.13)
H,(T) =0
n—mng—2t 2 _ _
Hyp +my (—n_no_t )3y + 222 + 1§23, + k(n — R) = 0 14)
H3(T) =0
Solving (4.9) — (4.14), we obtain:
—ng—t _
Gi(0) = (=) eRT9 (4.15)
1 —R)? -
- ((17 52) n K2§254A) [1 — e2nAlt T)]
— L [1 = g2mA(t-1)
gZ (t) - ((n_R)3 (71—72)!(252/54)”) 2An [1 e ] (416)
RE2 R 1 2nA(t=T) _ ,2RA(t-T)
rrEnlk ¢ |
(2:722/1/1—1) ((7) —R)%+ K4€254A) )
nR(E-T) _
_ ((77—73)3 n (n—R)Kzfzs“)( 1 1 ) le 1]
RE?2 R 4n22  4nA(n-R)
k(n—-R)? | K3&4s4h @-R)3 | ()-R)Kk2E2s542
+ K(n_R)-l_( 7 T = )_(znazfz+ 2R ) T-0| 417
500 = et (g g )
1 (77—93)2 K2§'2641 _
(21322 (K(U - :R)Z + K4€2’54A) - (4m2§2 + 4)R2 )) [eZRl(t " - 1]
myeR(T=t) 2 n—ng—2t mv 2 n—ng—2T
+ ( n—ng—T ) (ﬁ N f}g ) N (n—no—T) (ﬁ - 7(3) )
—ng—t -
0= (525) 00 @i
—R)2 2¢2 41 _
Ho(0) = (T + ) [1 — 274D (4.19)
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(22+1) (( R)2+K2§’2 4,1)[6272/1@ T) _ 1]

4RZA
(22+1)
H5(0) = \ + (B2 (0 - R0 + k2626) + 10 - R)) (T = ©) ) (4.20)
mveR(T O\ (2 n-ng-2t mv - nO—ZT
+ ( n—nyg—T ) (ﬁ B R ) - (n—no—T) (
Substituting (4.15) (4.16), (4.17) into (4.6) and (4.18), (4.19), (4.20) into (4.13) we have:
(g
/ 824 ((;1?;;;)22 + sz;iu) [1- ezya/l(t—T)] \
x(t,a,5) = | +1' / S (= R)? 4 2g2540) 20D 1] \ ' | (4.21)
| v +| + (21+1)(( —R)Z 4 k2625 M)"‘K(U IR)) (T-10) | | |
veR(T t) _ n—ng—2t mv 2 n-ny—2T
\ \ \+ n—nog— R )_ (n—no—T) (ﬁ_ R )///
a (n:%o:;) eyz(T_t)
ﬁ ((TI;ZQ)2 n Kzfz 41) [1 _ eZTIA(t—T)]
52 . (nj;;ﬁ o [1 — @2nA(t= T)]
+(r,—3e);;:§25“ _Zl(n = [ezr]/l(t T) _ ezRA(t T)]
EoE (- R )
O-R? o
- anzz 2 44 ( 12 + - ) [ean( T)_l]
+ (M-R)k?&%s a2 anA(n-R) (4 22)
W(t, " ) = ® 2 374 40 *
“ +2 Ky — R) + (LR 4 )
(_)3 (_)Kz 254}“
N - (L 4 e T-1t
_(2"‘2’1‘1) (( —R)? + K2E%s 4/1)
- K(U 33)2+K4fz 41
(m E((n—mz i e M) )> [e272¢D —1]
4AR2E2 4AR?
mveR(T-1) n-ng—2
+(n nO—T)(RZ R t)
() )
Differentiating (4.21) and (4.22) for W,, Wy, W,4, X4, Xs We have
_ _ n=no=t\ R(T-t))
( We=Xa=a (n—nO—T) €
{ Was = Waq =0, (4.23)
(R(W —R)%+RK2ELs “+(22+1)x2§4 6/1)(1 e2TA(t- T))_‘_Z)L“‘1 2844 6A(T £)

\Xs =
Substituting (4.23) into (4.3), we obtaln (4 1) which complete the proof of (i)
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(ii) Recall that
Varyg s[AY ()] = Ep g o[AY1 (D] = (Bpg,s[A¥* (1)])?
Var, , s [c/llpl*(T)] = %(X(t, a,s8) —W(t a,s))
Substituting (4.22) and (4.21) for W(t, a, s) andX (t, a, s) respectively in the above equation,
we have

((71—-73)2 K2§254A
RAEZ RA

2,11,, ((ngf) Kzfzﬁ“) [1 _ leﬂ(t—T)] I

n-R)3 1 A(t—
( RE )( yd R ) )
B (N—R)K2£2 442 _ 1 r,2nA(t-T) _ ,2RA(t-T)
+T /1(77 -R) [e ¢ ]

(2K-2A— 1)

41721 R)Z + K4§2 4-2.) \
(- R)3 2nR(t-T) _
RE2 ( L1 ) [e 1]
U ROLEE S (n—R)szz 44 | \2n21 © 2n1A(n-R) /

(2“1) 2 222 47
( ZRZA R) tK f )

-2

Var,, J[A% (T)] =~ 24)

e (K(n R)? + K*§28M) | [e2RAED) 1)

(77 R)Z 2{2 41
2m2§2 2AR2 )

(2/1+1)(( 72)2 +K2§2 4/1)

2 }C(T)—R)Z 3{4 4}.
R R

| I
| I
'k (n R (= R)xzsz “ )'

+ (T —

nRE2
(2k-24-1) (( 72)2 +K254 4/1)

R Im
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var . s[X% (T)]

/ %((n—ﬂ%)zﬂc‘*ézsu) \‘

(nﬁ—fﬂzﬁ . ) [eznR(E-T)_1]
\_ (-R)K2E2 541 (2n21+2n2(n—7€)))
+7

R
/(2/“1)((,]_72)2 ) ,’;2542)

2R21

M-R)2 K2€254’)‘
/ Craez 7 X
| - ((ﬂ—R) +x262541)[1 €212(-1) +| —m(K(n—R)Hx%‘%M) |[e2RACE-T)—1]
n

§2 (-R)2  k2E254A

I
+
% —[1—6277/1(t—T)] | \ +(2AR2$2+ 2/1932) /
\_ +M e2nA(t—T) / (21+1)((n R)2+K26254A) \|
|

s—2A

R 2.(77—72)[ e2RA(t-T) (
| K(77 —R)2 K3$4 4].
+| ® ® (T-1)

(77 .‘R)3 = R)K2§254l

nm’z )
G 2}* 1)((7’ R)2+K25454’1)
\
(4.25)
Recall from theorem 3.1, the expectation is given as
Ep sl AV (1] = X(t,a,6) (4.26)

Substituting equation (4.22) and (4.25) into (4.26), we obtain (4.2) which complete the proof (ii).

Remark 4.1: In a case where the price of risky asset is modelled by CEV process i.e when the
modification factor k¥ = 0, then optimal portfolio strategy and the efficient frontier reduces the

result in (Li et al, 2017) as follows
eR(t-T)

Y = (1= R) [1+(n—ae>(1—e2““—”)] (n—no—T) (4.27)

R n—mngo—t

Remark 4.2: In a case where the price of risky asset is modelled by GBM i.e. when the
modification factor k = 0 and the elasticity parameter A = 0, then optimal portfolio strategy and
the efficient frontier reduces the result in He and Liang (2013) as follows

Wy = m-®) (n—%o—T) e R(t=T) (4.28)

vaé? \n—-ng—t

5. Theoretical Analysis

Proposition 5.1 Suppose n —R >0,a>0,R >0, >0,k >0,v>0,1<0,8(t) >0,n—
ng—T > 0,t > 0then

‘“”1>o <o (<o (o) 22 "“”1

Proof.

Recall from equation (4.1),

a.

n— R+ k&%
) N (R(-R)Z+RIZE* 542+ (1-2A)i2E+500) (1-ePRAC-D) L 12 2 4 g6 7 _p)
RZ

eR(t-T) (n—nO—T

lpl = va§2521

n—ng—t

(a) Differentiating v; with respect to k , we have
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i . 'I—R‘*'le‘u
% = Vet (:7 n‘;l) L (R(n—k)z+zm§45“+z(1—21),(;45“)(1—e2m('-”)+%x§4561(1—t)
R2
Since N (R(=R)? +2Ricg* s +2(1- 20 *507) (1-e2RAET) -2 ga ol gy | > 0 and

R2

eR(=T) (n—no
vafzazl

)>0 thend¢1>0

Nn—nog—

(b) Differentiating 1] with respect to v , we have

_ 2 2
apy _ e*ED n—ny-T n-RAwE"s 1-22
av ~ T v2arre \nmng-t) | | (RO-RPREE S A4 (1-22)K2§4560) (1-e2RAE-T)) 1 1224 562 ()
R2

n—R+ KkE2s?A
Since N (R(-R)>+RKZE* 52+ (1-22)K2§ 4 564) (1-2RACD) 4 2024 562 (g | > 0
RZ

and

eRE=T) ry_ o
v2af2s 2/1(

d¢1<0

) >0,

n—ng—t

then

(c) Differentiating 1] with respect to a , we have

_ 2424
api _ _ e*ED n—no-T R+ 1-21
da  a?vEZs?A\n-mo—t (R(n —R)2+Ric2EH 44 (1-22)K2E4500) (1-e2RAET)) 1 2842 64,560 (T—1)
R2

n— R+ k&%
Since N (RM-R)Z+RI?E* 542+ (1-22)2E*504) (1-ePRACE-D) 1 -2 2 g4 4047y | > Oand

:RZ

T

a?vé2g24 (/n—/no—t) >0,
then dlpl <0

(d) Differentlatmg Y1 with respect to & , we have
awy _

dé

_ 22
26D [y p 7 n—R+ 2kés .
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:RZ
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ayy
ag
6. Discussion
From proposition 5.1, the optimal portfolio strategy of the risky asset is an increasing function
of the modification parameter and a decreasing function of the risk averse coefficient,
instantaneous volatility, initial fund size. The implication of the proposition is that members with
high risk averse coefficient will invest less in risky asset while members with low risk averse
coefficient will invest more in the risky asset. Also, if the fund size at the early stage of
investment is high, members will invest more in risk free asset and reduce that of risky asset and
may increase it as retirement age draw closer. Since the instantaneous volatility represent the
risk coefficient of the risky asset, if the instantaneous volatility is high, fund manager may not
want to invest more in risky asset hence a confirmation of proposition 5.1 which shows that the
optimal portfolio strategy is a decreasing function of the instantaneous volatility. and vice versa.
Furthermore, we observed that the degree of volatility of any investment in a risky asset depends
on the elasticity parameter.

From equation (2.1), we observed that an increase in the modification parameter x will
definitely increase the value of the risky asset (stock), thereby making it more attractive for the
fund manager to invest more in it assuming all other parameters remain constant. If x depreciate,
the fund manager will reduce his investment in the risky asset. This is confirmed as the optimal
portfolio strategy i increases with k. Finally, from remark 4.1, we observed that when
modification parameter x = 0, our optimal portfolio strategy reduces to the result obtain in (Li
et al, 2017) and from remark 4.2, we also observed that when the modification parameter (k)
and elasticity parameters (1) are equal to zero, our optimal portfolio strategy reduces to the result
in (He and Liang, 2013) which are cases of CEV model and that of GBM respectively.

<0

7. Conclusion

This paper solves the optimal portfolio problem of DC plan member with return of contribution
clause under M-CEV. A continuous time mean-variance stochastic optimal control problem
which consist of the members” monthly contributions, the returned contributions and the invested
funds was formulated. Also, an extended HJB equation was established and solved for the
explicit solutions of optimal portfolio strategy and efficient frontier using change of variable and
variable separation technique. We gave some theoretical analyses of the impact of the
modification parameter, initial fund size, risk averse coefficient and the instantaneous volatility
on the optimal portfolio strategy. In conclusion, our result generalizes results (He and Liang,
2013) and (Li et al., 2017).
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