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Abstract

In this paper, an epidemiology model of tuberculosis with case detection is developed and
analysed. The total population is compartmentazed into eight (8) classes namely: Vaccinated,
Susceptible Latently infected with drug-resistance TB, Latently infected with drug sensitive-TB,
Infectious with drug resistance-TB, Infectious with drug sensitive-TB, Recovered with drug
resistance-TB and Recovered with drug sensitive-TB. We prove the positivity of the solution and
boundedness of the model which shows that the model is mathematically and biologically well
posed. The disease free equilibrium, endemic  equilibrium, reproduction number where
established. The local and global stability analysis were established and found to be stable if
R, <1 and otherwise if R, >1. Finally, we solve the model equations numerically to study the
impact of case detection, transmission probability, vaccination and treatment of infected
individuals on the transmission dynamics of tuberculosis. The results show that the tested
parameters are vital if tuberculosis must be brought under control.

1.0 Introduction

Tuberculosis (TB) is a highly infectious airborne disease. Its causative agent is
Mycobacterium Tuberculosis [1]. The majority of tuberculosis deaths occur in low and middle-
income countries. Tuberculosis affects one-third of the world's population, either latently or
actively [2]. It is an ancient disease, with proof of its presence discovered in the eighteenth century
(18th century) in relics from Ancient Egypt, India and China. This disease wreaked havoc on
Western Europe, with mortality rates as high as nine hundred deaths per one hundred thousand.
Bad ventilation, overcrowding, primitive sanitation, and malnutrition were among the risk factors
that contributed to the outbreak [3]. When an exposed or susceptible person inhales the TB germs
that are released into the air when infected people cough, sneeze, spit, or speak, he or she becomes
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infected with the disease. Tuberculosis (TB) cannot be transmitted by handshakes, sharing toilet
seats, or sharing dishes or utensils with someone who has the disease [4].

In developing countries, TB is the second leading cause of death from infectious disease
(after HIV/AIDS). Despite the fact that the disease is treatable and curable, complete eradication
is not feasible due to the difficulty of producing an effective vaccine, the costly and time-
consuming diagnosis procedure, and the need for months of care, but we can monitor the disease's
transmission level [2]. In 2016, an estimated 1.3 million HIVV-negative people died of tuberculosis
(down from 1.7 million in 2000), with an additional 374, 000 HIV positive people dying. In 2016,
an estimated 10.4 million people were ill with tuberculosis: 90% were adults, 65% were men, and
10% were HIV-positive (74 percent in Africa) and 65% were in five countries: India, Indonesia,
China, the Philippines, and Pakistan [5] (WHO, 2017).

In 2016, 600,000 new cases of drug-resistant tuberculosis (RR-TB), the most effective first-
line drug, were recorded, with 490,000 of those having multi-drug resistance TB (MDR-TB).
Almost half of these cases (47%) occurred in India, China, and the Russian Federation. The global
TB mortality rate is decreasing at a rate of about 3% per year. To meet the first (2020) targets of
the end TB strategy, TB incidence is dropping at about 2% per year, and 16 percent of TB cases
die from the disease; by 2020, these figures would rise to 4-5 percent per year and 10%,
respectively [5].

Nigeria has the highest TB burden in Africa and is ranked fourth in the world, according
to the World Health Organization (WHO, 2016 global TB report). It ranks sixth among the
countries with 60 percent of the global TB burden. They also discovered that Nigeria and India
were responsible for 48 percent of global TB deaths among HIV-negative people and 43 percent
of total TB deaths among HIV-positive and HIV-negative people. Nigeria accounts for 77% of the
global gap in TB case findings, according to the survey. In 2016, Nigeria recorded less than 20%
of the total TB cases expected for the year, implying that more than 80% of TB cases in the country
remain undiagnosed (undetected) TB cases in the community which serve as a reservoir for
continuing transmission of TB [5].

The amount of psycho-socio trauma that societies experience is immense. This entails
contemplating the loss of loved ones as well as the financial implications of caring for the ill,
especially among the poor. These have an effect not only on individuals, but also on the country's
economic growth. The mortality rate of tuberculosis has risen by 45 percent in the last 25 years,
owing in large part to inadequate diagnosis and treatment [6].
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However, the world is still a long way from eradicating the disease; by 2025, a total of $8
billion US dollars will be needed to fully respond to the global epidemic in low and middle income
countries, with a funding gap of 2.3 billion US dollars per year. This figure did not include research
and development costs, which were projected to be about 2 billion dollars a year [5]. People who
are malnourished as a result of their diet, substance abuse, or hunger are often at risk of contracting
tuberculosis. People who walk close to or live close to a person with active tuberculosis, such as
health care staff, people who live in cramped living spaces, or people who work in enclosed areas
like schools or jails, are often at risk of contracting tuberculosis [7].

The severity and occurrence of tuberculosis are affected by factors related to the bacteria,
the human host, environmental growth and urbanization, as well as population movement and
migration. When it comes to the climate and urbanization, the prevalence of tuberculosis is
typically lower in prime urban areas than in rural areas, as adequate medical treatment is more
difficult to ascertain in rural areas than in urban areas. The settlers are mostly migrant workers
from rural villages, and they tend to settle mostly in poor, overcrowded houses, commonly referred
to as slums, with little to no proper sanitation, which leads to increased exposure of the population
to Mycobacterium tuberculosis bacteria (MTB), and thus a possibility of the disease amplification
to epidemic proportions due to a lack of effective treatments [8].

Tuberculosis is curable if diagnosed early and treated properly, it can take anywhere from
six months to two years for active tuberculosis to clear [9]. Vaccination is the process of
administering weak antigens to induce disease immunity. Screening services and vaccination,
commonly with the Bacillus Calmete Guerin (BCG) vaccine, are used to prevent tuberculosis.
While the vaccine protects against serious forms of TB in children (TB meningitis and Military
TB), a vaccine that is effective in preventing TB in adults remains elusive. In the meantime,
vaccinations may be rendered ineffective due to inadequate administration and environmental
factors. Radiology (commonly a chest X-ray), a tuberculin skin test, a blood test, as well as
microscopic analysis and micro biological culture of body fluids such as sputum, are all used to
diagnose tuberculosis. TB is most often associated with the lungs, but it may also affect the spine,
central nervous system, and even the skin [10].

Antibiotics are used to treat tuberculosis, although it takes a longer period of time (around
6-24 months) to fully remove the micro bacterium from the body. The internationally
recommended techniques for TB management and cure is the directly Observed Treatment Shorts
(DOTY)) technique, which ensures free diagnosis and medicines for tuberculosis patients, assisting
in tuberculosis control and management and it helps in controlling drug resistance cases. [5].
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Multi-drug resistant (MDR) tuberculosis, which is characterized as tuberculosis resistant to both
of the most effective first-line antibiotic treatments for active tuberculosis, ionized (INH) and
Rifampicin (RIF), is becoming more difficult and costly to treat. It is currently a major health
problem for medical workers and researchers, and MDR tuberculosis can be contracted from either
spending time with an MDR patient or inhaling the MDR tuberculosis is much more difficult to
treat, and the mortality rate of people with this TB is higher if the second line of antibiotic treatment
is not initiated promptly [11].

In 2016, an estimated 480, 000 new cases of multidrug-resistant tuberculosis (MDR-TB)
were diagnosed, with an additional 10,000 people with Rifampicin-Resistant tuberculosis (RR-
TB) being eligible for MDR-TB care. The federation of India, China, and Russia accounted for 45
percent of the total of 580, 000 cases [5].

2. Model Formulation

In this paper, we studied a model of impact of drug resistance and sensitivity on transmission
dynamics of tuberculosis by incorporating case detection. Based on the VSL,L,I,1 R;R; model,
the total population is divided into eight compartmental models namely; the vaccinated
compartment at time t V (t), the susceptible class at time t, S(t), the latently infected class with
drug resistance at time t, L,(t),the latently infected individuals with drug sensitivity at time t,
L (t), the infected class with drug resistance at time t, 1,(t), the infected class with drug
sensitivity at time t, I (t), the recovered class with drug resistance at time t, R;(t) and the
recovered class with drug sensitivity at time t, R (t) .

The vaccinated class increases due to the recruitment of the vaccinated newborn babies at
the proportion JA. The class also increases due to the incoming of the individuals recruited at
susceptible class not vaccinated at the rate ¢S, the vaccinated class reduces to the susceptible class
due to the waning of the vaccine efficacy at the rate, @V .

The susceptible class increases due to the incoming of the newborn babies not vaccinated
against TB infections into the population at the rate (1-5)A and as a result of waning of the

vaccine efficacy at the rate @V . The susceptible class decreases as a result of progression of
individuals into the latently infectious individuals with drug resistance at the slow rate
(1—Pr)(0‘rl’7+0‘rz (1—77)), the progression of individuals into the latently infected class with drug

sensitivity at the slow rate (1—Ps)(055177+0552 (1—77)), progression of infected class with drug

resistance at fast progression p, (%77+0!r2 (1—77)), progression of infected class with drug
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sensitivity at fast progression rate p, (%77+0552 (1—77)), and reduces to the immunized class at the

rate cS.
The population in latently infected class with drug resistance grows as a result of
progression of individuals from susceptible class at the rate (1—Pr)(0‘rl’7+0‘r2 (1—77)). This class

reduces to infectious individuals with drug resistance and recovered class at the rate ¢, and v,

respectively.The population of infectious individuals with drug resistance grows as a result of
progression of latent class to infected class with drug resistance at the rate 6. and as a result of

progression of susceptible class at the rate, p, (arl77+ar2 (1—77)). The infectious class with drug

resistance reduces to recovered class with drug resistance due to successful treatment at the rate
v, nand disease induced deathd, .

The infected class with drug sensitivity reduces to recovered class with drug sensitivity at
the rate v, 7 and disease induced death, d,. The recovered class with drug resistance increases

due to successful treatment of latently infectious individuals to recovered class with drug resistance
at the rate, v, . The recovered class with drug sensitivity increases as a result of successful

treatment of latently infectious individuals to recovered class with drug sensitivity at the rate, v, .

All the eight compartments reduces as a result of natural death d
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Figurel. Schematic diagram of model with drug resistance and drug sensitivity

The governing equations of the model with drug resistance and drug sensitivity are

(L—\t/:6A+cS—(a)+d)V

©)
Z—f=(1—5)A+a)V—(C+d)S—(ar177+ar2 (1-7)1eS — (a1 +a, (1-7))1sS )
Lo (1-p )@+, (1-0) 15 ~(v, +0,+) L ®)
Lo 1) anra, (1-n)1s—(v, +6,+ )L, @)
dstR =p (an+a, (1-1)) 1S +6,L; —(v,n+d, +d)1, ()
%:ps(asln+asz (1-7))1,S +0.Ls — (v, +d,+d)1; (6)
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dRR =V, 77|R +v, LR _dRR (7)
dt 2 1

dR

d—t3=vszf7lS +vy Lg —dRg (8)

Vv :VO,S:SO, LR:LRO,LS :Lso, lp = IRO,IS = ISO,RR :RRO,RS =R, 9

3. Analysis of impact of drug resistance and sensitivity
3.1 Positivity of the solution

Theorem 1: Let the initial solution set
{Vv>0,S>0,L,>0,L;>0,1,>0,1; >0,R, >0,R, >0} R?, Then the

solution set{V(t), S(t), L (t), L (), 15, 15 (t), Re (t), R (t)} s positive for all time t.

Proof:

Recall equation (1) we have

(L—\::§A+CS—(w+d)V

By comparison theorem, equation (3.5) becomes

dv (t

#2—(a)+d)v (10)
Solving by the method of separation of variables we have

dv (t

%2—(a)+d)dt (11)
Integrating both sides of the equation (4.2) we have

(V) > [~ (w+d)dt+c (12)
Taking the exponential of both sides of (4.3) we have

V() > eJ.—(w+d)dt+c (13)
V(D)= C, ej—(md)dt (14)
where C, =¢°

Applying the initial conditiont =0 on (14) we get
V(0) > C, (15)

Substituting (15) into (14) we have
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V() =V,el P 50 (16)
Applying the same approach to the other variables, S(t), L;(t), Ls(t), I, 15(t), Ry (t), R (t) shows
that the solution is positive for all time t.

3.2 Invariant region
The model equations (1) to (8) will be analyzed in a biologically feasible region.

Theorem 2: The solutions to the system (1) to (8) with initial conditions
in theorem 1 satisfyV >0,S>0,L; >0,L; >0,1, >0,1; >0,R; >0,R; >0 forall t>0.

The region Q" e[? is positively invariant and attracting with respect to system
(1) to (8).
N=V+S+L,+L,+1,+1,+R, +R; suchthat Q=Q" < R®  with

Q*:{(V,S,LR,LS,IR,IS,RR,RS)eDi;V +S+Ly+L+1,+1,+R; +Rg S%}

(17)

Proof:
The total population in the model is given by

dN d

E:E(V+S+LR+LS+IR+IS+RR+RS)

:d_V d_S dLR+dLS+dIR+%+d&+d& (18)
dt dt dt dt dt dt dt dt

Substituting (1) to (8) in (18) and solving we have
c:j—l:I=A—(\/+S+LR+LS+IR+IS+RR+RS)d—drIr—dSIS (19)
Thus, by comparison theory, equation (19) can be rewritten as

dN

E=A—(\/+S+LR+LS+IR+IS+RR+RS)d (20)
aN <A-dN (21)
dt

By separation of variables we get
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d N <at 22)
A —dN
Integrating both side of (22)
d
N = |dt 23
Jaza=) @)
—é In(z) >t+c (24)

where z=A—-dN
eIn(z) > e—(t+c)

(25)
z>e e ® (26)
2(t)=Ce™ (27)
where C, =g
At t =0 equation (27) becomes
2(0)>¢, (28)
N (t) > % (A-z(t)e™ (@)

As t — 0 in (29) the population size N —>% which implies that (29) isO< N S% .

Thus, the feasible solution set of the system of the model (1) to (8) is positively-invariant
in the regionQ..
3.3 Drug Resistance Only Model
3.3.1 Disease free equilibrium of drug resistance only model
In this section, we analyze the disease free equilibrium, endemic equilibrium, reproduction
number, local stability and global stability for the case of drug resistance TB only model.

Recall equations (1) to (8) and set
L, =0,I=0,R, =0 30
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%—Y:§A+CS—(a)+d)V
Ccjj_?:(l—é)AmV —(c+d)S—(an+a, (1-n)S - (a,n+a, (1-1))IS
dL
d_tR - (1_Pr)(ar177+arz (1—77)) 1S —(vr1 +6, +d)LR
C:jL::pr (ar177+arz (1_77)> 1:S+0,Lq _(V'2n+dr +d)IR
dR
dtR =v, nls +v, Ly —dRy
(31)
At equilibrium

v ds di, di, dr,

dt dt  dt  dt  dt

OA+CS—(w+d)V =0 (32)
(1-6)A+aV —(c+d)S — (e, +, (1-17)1;S =0 (33)
(1_Pr)(0‘r177+0‘r2 (1—77)) .S —(Vrl +06, +d) L.=0 (34)
p(an+a, (1-1))1:S+6,L; —(v,n+d, +d)1, =0 (35)
v.ilg +v, L —dR; =0 (36)
From equation (32) we have

V = O\ +CS (37)

kl

Substituting (37) into (33) at disease free we have
_ (1-3)Ak, + @SA

S° 38
kk, —ac (38)

Substituting (38) into (37) we have

N A N c((1-0)Ak, + woN) (39)

k, kk, —ac
Therefore the disease free equilibrium state for drug resistance only model is
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§é+da—&A&+mﬁ)a—@A&+w&&QQQ

R _ 0 0 0 0 0y _
Es =(V°.s ’LRilR’RR)_(kl kk, —ac " kk,—ac

(40)
where k, = (w+d)
k, = (c+d)
3.3.2 Endemic equilibrium state for drug resistance

The endemic equilibrium state is a state at which the disease persists in a population
under consideration.
Hence, the Endemic Equilibrium Points of the Model with drug resistance
only (V',S7, L, 15, R;) is expressed as follows:
V= £(§A+c((1_52[\k1 +co5A))
k, mk 1, +kk, —ac
gt _ (1-98) Ak, + wSA
mk, I - +kk, —ac
(= p)m 15 (- 5) Ak, + @)
§ Ky (mk, I~ + kK, — )
- +6, (1= p, )M 1 (L- 8) Ak, + @SA)(mK, 1 + kK, — ac))
© Kk (mk, I x +kk, —oc)(mk,1; +kk, —ac)k, — p,m, ((1-5)Ak, + wSA))
. o v (A= p )M (- 8) Ak, +@SA)
Ry =v,nly+— -
2 ky(mk, I, +kKk, —ac)

(41)

where m, = (05r177+0(r2 (1—77))
ky=(v, +6, +d)
k,=v,n+d, +d

3.3.3 Reproduction number for drug-resistant TB
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We apply the next generation matrix technique by [12] to obtain the basic reproduction
number for drug-resistant, R} by considering the infected compartments of the system (31) of this

work. That is equation (4) and (6).
Let F be the rate of appearance of new infection in the i compartment and v, be the rate

of transfer of individuals out of i, given the disease free equilibrium, then R is the spectral radius
(largest Eigen values) of the next generation matrix denoted by G = FV .
By applying next generation matrix technique, we have the reproduction number for drug
resistance TB model only as.

- (6.(1=p)+p, (v, +6,+d)(a.n+a, (1-1) ) 1) A(w+d) +05A)

R = (v, +6, +d)(v, n+d, +d)(K, k, +ac) (42)

3.3.4 Local stability of disease free equilibrium point with drug-resistant TB
Theorem 3: The disease free equilibrium point, E{ is locally asymptotically stable

if RS <land unstable if Ry >1.

From equation (31) we let

F, = GA+¢S — (w+d)V (43)
F,=(1-6)A+aV —(c+d)S — (e, 7+, (1-m)) 15 S (44)
R, =(1-p,)(an+a, (1-1))1:S (v, +6, +d)L; (45)
Fo=p, (an+a, (1-7)) 1S +6,L,—(v,n+d, +d )1, (46)
R = vranR +v, L, —dR, 47)
Thus, the Jacobean matrix J for the equations (43) to (47) and evaluating at the disease free
equilibrium is
[k, ¢ 0 0 0 |

o -k, O —m13° 0
J(E)=| 0 0 -k (I-p)msS® 0 (48)

0 0 6 pmS°-k, 0

0 0 v V.1 —d
Given
9(Eo)—4l|=0 (49)

Substituting equation (48) into equation (49), we obtain
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-k, -1 C 0 0 0
@ -k, -4 0 -m,S° 0
0 0 k-4 (1-p,)mS° 0 |=0 (50)
0 0 0, (p,mS°-k,)-2 0
0 0 Ve V.1 -d-1
From equation (50), A4, =—d, thus equation (50) reduces to
-k, -1 C 0 0
) -k, -4 0 -m,S° _o (51)
0 0 ) AS°
0 0 6, (A,S°-k,)-1
where
A=Q-p)m, A =pm
The characteristic polynomial is
DA*+D,A*+D,A*+D,A+D, =0 (52)
where
D, =1

D, = (k, +k, +k,— AS°)

D, = (ky(k, ;) + ki, — co— Ak +, k)~ 6 ASY)
D, = ‘9rA.I<3SO - Azso(ks(k1 +k;) —co+kk,) —k3(Ca)—k1k2)—6’rAlk3SO(k1 +K, +k3))

D, = (Ak,S°(co—kKk,)— 0 AKZS® —6 AS° (k, (K, +K,) —Car+kK,) + 6, AK,S° (K, +K, +kKs,))

by applying Routh Hurwitz criterion which state that all roots of polynomial (52) have
negative real part iff the coefficients a, are positive and the determinant of the matrices H, >0

for i=1,2,3,4. Therefore, all the Eigen values of the polynomial (52) have negative real parts.
Since all the values of 4 <0, for when R <1 we conclude that the disease-free equilibrium point
is locally asymptotically stable.

3.3.5 Global stability of disease free equilibrium point with drug- resistant TB
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We used the method of [13] to obtain the global stability of the disease equilibrium point.
Two conditions which guarantee the global stability of the disease- free state were considered.

Therefore, our systems of equations (31) are re-write in the following form;

dx
=~ =F(X,Z

iz (4.66)
a:G(X,Z),G(X,O):O

Where X =(V,S,R;) denotes the number of uninfected individuals and X R®, while
Z =(Lg, I )denotes the number of infected individuals and Z € R*. We represent the disease-free
state by E° =(X°,O) .

Lemma 1: The point K°=(X°,0)is called stable global asymptotic equilibrium point, if in

addition R, <1 and the conditions H, and H, holds. The following theorem is formed:

Theorem 4: LetR, <1. Then the disease free equilibrium is globally asymptotically stable if
R, <1 and otherwise if R; >1

Proof:

LetX =(V,S,Rq), Z=(Lg,I5) and K°=(X°,0) where

XO— 0,50, 1010 ROy = (9N, SA=0)AK, +05A) (1-8)Ak, + N
VIR o) =

N —+ , ,0,0,0

R K, kK, — ac kk, — ac )
(53)
X eR’
cL—\t/=§A+CS—(a)+d)V

54

Z—f:(1—5)+a)V—(c+d)S—m1IRS &)
drR
dtR =v,n+v, L, —dR,

oA —(w+d)V
F(X,0)= 1-0)—[(c+d)+mI]S (55)

0
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ZeR®
dl,
F_(l_pr)mllRS_kSLR (4.70)
dly B
=P8 + 0 L k1
C:[_k3 Alskj
6, AS-—k, (56)
S bA by
6. AS-k, )\ 1, (57)
G(X,Z)=CZ-G(X,2)
(4.73)
Sx.z)-| KL rAlLS’ ]_( AleS ksl )
0L, +A1S k1. ) (AIS+6L,—k,l,
2 1-p)ml.(S°-S
6(X,2)- ?(X’Z)jz( P )J (58)
6(x,2)) [ pmly(s"-$)

Therefore, since S<S° we have él(X,Z),GZ(X,Z) >0the global stability of
X°=(Vv°5S°0,0,0). The system of Z—T =F(X°,0) is easy to verify. Therefore X°is globally

asymptotically stable if R, <1. This completes the proof

3.4 Drug Sensitivity Only Model
In this section, we analyze the disease free equilibrium, endemic equilibrium, reproduction
number, local stability and global stability for the case of drug sensitive TB only model

For the case of drug sensitivity only model, we set
L,=0,1,=0,R, =0 (58)

171



Abacus (Mathematics Science Series) Vol. 49, No 1, April. 2022

c:}l—\t/=§A+cS—(cr)+d)V

((jii_?:(l—5)A+a)V —(c+d)S—(a,n+a, (1-n))1S — (a7 +a, (1-7))1S
%:(1—ps)(asl77+asz (L-m))1S (v, +6,+d) s

%tsws(asﬁmsz (1-7)) 1S +6,L, ~(v,n+d, +d)1

dd%=vsz77|s +v, L —dR,

(59)

3.4.1 Disease free equilibrium for only drug sensitivity TB

At disease free equilibrium state for drug sensitivity only model we have

E, = (V8% 1%,19,RY) = (5_A+ c((1—0)Ak, + wSA) ’ (1-S8)Ak, + woA 0.0.0) (60)
k, kk, —wc kK, —a@cC

3.4.2 Endemic equilibrium state for drug sensitivity model
The Endemic Equilibrium Points of the Model with drug sensitivity only (V*, S™, L, I, RS)

Is expressed as follows

)

v =l(5A+C((1—§ZAk1+a)§A)
k, m,Kk I +kKk, —ac
g+ _ (1=8)Ak + @A
myk, I +kk, — ac
L~ _ A= p)myl (L 6)Ak, + @A)
° ks (MK, 15 +kk, —x)
- +0, (- p, )M, 1 (1—8) Ak, + wSA)(M,k, I { +k.k, —aC))
> K (mok, I +kk, —ac)((mk, 15 +kk, —ac)k, — pm, (L 5) Ak, +@SA))
- Vo (A= p)my I (L 5) Ak + @A)
Ry =v, ol + -
: kg (M,k, 15 +kk, —c)

(61)
where m, = (055177 +a, (1—77))
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ks = (v, +6,+d)
Ke = (v, +d,+d)

3.4.3 Reproduction number for drug-sensitivity TB
Applying the next generation matrix technique by [12] we obtained the basic reproduction number
for drug-sensitivity, R;
Ros _ (95 (1_p)(a3177 + as2 (1_ 0”7) + Ps (asﬂ - asz (1—77)(V51 + 05 + d))

(VS1 +6, +d)(v5277+dS +dk;)
3.4.4 Local stability of disease free equilibrium point with drug sensitivity TB
Theorem 5:The disease free equilibrium point, E; is locally asymptotically stable if R; <1 and
unstable if R} > 1.

(62)

Let

F, =6A+cS—(w+d)V

Fs =(1—5)A+w\/—(C+d)S—(asln—asz(l—n))lss (63)
F =(1-p)(an+a, (1-7))1S = (v, +6,+d) L (64)
F =0 (czslf7+05Sz (1—77)) I.S+6,L, —(1/5277+dS +d) I (65)
F9=v5277|s+vleS—dRS (66)

Evaluating the Jacobean matrix J for the system (63) to (66) at the disease free equilibrium, we
obtain

-k, c 0 0 0
o -k, 0 -m,S° 0
JEN=| 0 0 —k (1-p,)msS° 0 (67)
0 0 6 pmS°-k 0
I 0 A ven —d_
Given
9(Ey)-21|=0
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-k, -1 c 0 0 0
® -k, — 14 0 -m,S° 0
0 0 -k, -1 (1—ps)mZS° 0 (=0 (68)
0 0 A (p.m,S° —k;) - 0
0 0 v Vol —-d-4
From equation (68), 4, =d, thus equation (68) reduces to
-k, -4 c 0 0
@ -k, -4 0 -m, o (69)
0 0 k-4 (- p,)m,S°
0 0 A p.Mm,S% -1
The characteristic polynomial is
Ut +U,2° +U A% +U, A +U, (70)
where
U, =1

U, =(k, +k, +k,—AS°

U3 = (ks(k1 +k2) + k1k2 _C(")—'D&tso(lﬁ +k2 +ks)_‘9rASSO)
U4 = 93A3|(5SO - AASO(kS(kl + kz)_ca)"‘ kikz) —k5(Ca)—k1k2) _esAsksso(kl +k2 +k5))

Uo = (A4k580(ca)— klkz) + gs%ksso(ki + kz + k5) _Hs%kefso _er&so(ks(kl + kz) —Co+ k1k2))

We apply Routh-Hurwitz criterion which states that all roots of the polynomial (70) have negative
real part iff the coefficients %are positive and the determinant of the matrices H, > ofor
i=0,12,3,4. we conclude that the disease-free equilibrium point is locally asymptotically stable.

3.4.5 Global stability of disease free equilibrium point with drug-sensitive TB

We used the method of [13] to obtain the global stability of the disease equilibrium point.
Two conditions which guarantee the global stability of the disease- free state were considered.
Therefore, our systems of the model equations are re-write in the following form;
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dX

T F(X Z)
‘jjf G(X.2),G(X,0)=0

Where X =(V,S,Rg) denotes the number of uninfected individuals and X € R®, while
Z =(Ls, I ) denotes the number of infected individuals and Z € R*. We represent the disease-free
state by E° = (X O)

Lemma 1: The point K°= (X O)ls called stable global asymptotic equilibrium point, if in
addition R, <1 and the conditions H, and H, holds. The following theorem is formed:

Theorem 6: Let R, <1. Then the disease free equilibrium is globally asymptotically stable.

Proof:

LetX =(S,V,Ry), Z=(Ls,l5) and K®=(X",0) where

oA c((l 0)AK, +a)§A) (1-9)Ak, + woA

X0 = °,S°,L°,I°R , ,0,0,0
v ° )= ( kk, — kK, — ac )
(71)
Recall (3.5) to (3.12)
X eR?
cL—\t/=5A+cS—(co+d)V
ds
E:(1—5)+a)V—(c+d)S—m2ISS (72)
drR
d_tS:Vsﬁ“LVles—dSs
O\ —(w+d)V
F(X,0)=| @-6)-[(c+d)+m] ]S (73)
0
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ZeR?

dL.

d_::(l_ps)mzlss_k5|—s

dl

E:psmzlss"'gsl-s_kels

(74)

—k S

c,-| T B (75)
0, AS-k
—k S (L

C,z=| ° A ° (76)
0, AS—k )\ I

G(X,Z2)=C,Z-G(X,Z) (77)

é(X Z) _ _kll—s"'AalsSO . %Iss_ksl-s
’ L oL +AL1S ) (ALS—-OL Kkl

(78)

3 1- —a. (1-n)1.(S°-S
G(X,Z)(qx,zq[( P, n—-a, =)l ( )}

G(X.2)) | plan-a, @-n)l(S°-S)

Therefore, since S<S° we have él(X,Z),GZ(X,Z) >0the global stability of
X°=(Vv°5°0,0,0). The system of % =F(X°,0) is easy to verify. Therefore X°is globally

asymptotically stable if R, <1. This completes the proof.

4.0 Drug resistance and drug sensitivity model

In this section, we analyze the DFE, EE, and reproduction number, local and global stability for
the case of DR-TB and DS-TB model

4.1 Disease free equilibrium state

For both drug resistance and drug sensitive model, the equilibrium state for the model was obtained
by setting the model equations to zero (0)

At equilibrium the disease free equilibrium state for drug resistance and drug sensitivity model is

176



Abacus (Mathematics Science Series) Vol. 49, No 1, April. 2022

EORS :(VO,SO, L%, Lg’ |F(;1 |§1Rg,RS)Z(?‘(_A_'_C((l—ké'IiAl_(la;a)é'A) ’ (1—i)k/\k_la-l;ca)5A,o’O’0’0’o,oj
1 1Kz 1Ko

(79)

4.2 Endemic equilibrium for drug resistance and drug sensitivity model

The Endemic Equilibrium Point of the Model with drug resistance and drug sensitive model
V'S, L, L, 1, 15, RS, RY) s expressed as follows:

e OA c((@-6)k,+wdA)
kK ((mylg +m,10) +k, )k —co)
g (1=8)Ak + A

Syl +m, 1)) +kk, —co
L 1-p, )M (1- ) Ak, + @SA
© (g +mI Ok, +k, )k —co
L @-p )Ml (L-8)AK, + woA
T (g +m Ik +k, )k, —ceo

. 80
[ _ 60.(1-p, )Ml (1-95)Ak, + woA (80)
" (mllg +m2|;)k3+k2)k1—c60)(k4—p,mls*)
[ 95(1—p5)m2I;(1—5)Ak1+a)§A

° _(m1|:e+m2|;)k5+k2)k1_cw)(k6_psmzs*)
" . v (A= p)ml (1= 8)Ak, + w5 )
R =v,.nlg+——— -
: (1 +m, 1)k, +k,)k, —co)d
v. (- p)m, 1 (1—8) Ak, + @A
R vl 4 . (¢ P, (- 0)AK )
: (15 +m, 1)k, +k, )k, —co)d

4.3 Reproduction number for drug sensitive and drug-resistant TB
We apply the next generation matrix technique by [12] to obtain the basic reproduction
number, R®®. by considering the infected compartments of the system (1) to (8) of this work.
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_ (Hs (1—/))(&5177 + asz (1_6”7) + 05 (0‘5177 = 0(52 (1_77)(‘/51 + Hs + d))

Ro
(vs, + 0, +d)(v 7 +d, +dky)

(81)

The reproduction number for both drug sensitive and drug resistant is given as
Ry® =max R}, Ry |, where R} and R; are reproduction numbers for drug sensitive TB strain and

drug resistant TB strain respectively.
4.4.4 Local stability of the disease free equilibrium point with both drug resistant TB

and drug sensitivity TB
Theorem 7: The disease free equilibrium point, E, is locally asymptotically stable if R, <1 and

unstable if R, >1.

From (1) to (8) we let
F =6A+cS—(w+d)V

, =(1-8)A+aV —(c+d)S —(a, 71—, (1-n))S —(a n+a, (1-17))1sS
F, =(1—,0r)(05rl77+05r2 (1—77)) .S —(vrl +0, +d)LR

F, :(1—ps)(a3177+a52 (1—77)) ISS—<Vsl +6, +d)LS
F=p (%77"‘% (1 77)) 1.S+6.L, —(vr2 +d, +d)|R
F =p, (055177+0552 (1—77)) I.S+0.L —(1/5277+dS +d)|S
F=v.nlz+v, Ly —dRg

R =v,nls+v, L —dRg

Thus, the Jacobean matrix J for the system evaluating at the disease free equilibrium is

% 0 0 0 0 0 0 o0
o —k 0 0 0 0 0 o0
0 0 —k 0 AS 0 0 o0
0 0 0 -k 0 A 0 0
IE&)=lo 0 4 0 AS"k, 0 0 O (82)
0o 0 0 @ 0  AS°~k, 0 O
o 0 v, O v 0 -d O
0 0 0 vy 0 Ve, 0 -d
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Given|J (E,)—A1|=0 we obtain

—k, -4 0 0 0 0 0 0 0
@ -k, — 14 0 0 0 0 0 0
0 0 -k, -1 0 AS° 0 0 0
0 0 0 —k;— 1 0 As° 0 0
0 0 0, 0 (AS°—k,)-4 0 0 o =0
0 0 0 0, 0 (AS°~k;)-4 0 0
0 0 v, 0 v 0 -d-4 0
0 0 0 Vg 0 Ve, 0 —-d-1
(83)
equation (83) can be reduced to
[k, — 1 C 0 0 0 0 ]
@ -k, -4 0 0 0 0
0 0 —k, — 4 0 S° 0
3 Al . (84)
0 0 0 -k, -4 0 AS
0 0 6, 0 (AS°—k,)-1 0
| 0 0 0 A 0 (AS"—kg)— 4]
Therefore, solving (84) yields the characteristics polynomial
bA° +b,2° +0b,4* +b,2° +b, A% +h A +b, =0 (85)
where
b =1

b, =k +k, +k; + ks + ks — (A, + A,)

by = (A, —Ks)(Co—Ky (K + k) + 6, A —kik, —Ks (K +k, +K;) + A, (k; +K, +k; +K;))
+Kg (K (k, +Kk,) —co+kk,)+ 6, Ak,0.Aks — A, (Ky (K, +k,) —cao+ kK, + Kk, (k, +k, +K;)
—K;(co—kk,)—O.A (k, + A +K, +k, + ki) -6, A (k, + A, +Kk, +k; +k;)

b, = ((A, — ks (A, (Ks (K;(k,+K,) —co+k,+k,)—k;(co—kK, +;(0rA1k32 +0rA1k33 +

O (A, —kg)(cao—ky(k +K;) + O A —kik, =K (ky +k; +K;) + Ay (K +k, +k; +k))
+Ks(Ky(k, +k,) —cao+kKk,)+ 6, AKO. Ak, — A, (Ky (K, +K,) —cor+ kK, + K (K, +K, +K,)
—k,(co—kk,)—O.A (K + A +K, + Kk, + ki) -6 Ak, + A, +K, +K; +K)
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b, = ((A, — ko) (A (Ky (K, +K,) + O, AK (K, —a, + K, + Ky + K, )+ 6, A (K, +K, +k; + K )+ K, (Co+kK,)
+6, AK; (K, +K, + Ky +K:)) — 0. AKy)— A, (K (Ky (K, +K,) + O, A (Co— Ky (K +K,)+ 0. A

+A, (k, +K, + K, + K. ) — 6 AKZ —0.AKE — 0 A (K (K, +K,)—caor+kk, +K (K +k, +k,))

—kI3k, (co—kkK,) + O, Aks (k, —a, +k, + K, + K. ) —cao+kk,) - K,(co—kKk,))— 0 AkZ — 0 Ak?

-0, A (K;(k, +k,) —cao+kk, —Ks(k, +K, +Ky) —K;Ks (Coo—kK,) + 6, —k Kk, —Ks (K, +K, +Kj;)
_Aiks(kl + kz + k3 + ks))

by = (A, +K,+K,)—K,(co—kk, + 6 AKZ + 0. AKS + 6. (A, —k;)(co—K, (K, +K,) + 0 A —kKk,
—ks (K, +k, +K3) + A, (K, +k, +K; +K:)) + Ko (Ks (K, +K,) —co+kk,) + 0. AK,0, Ak,

—A, (ks (k; +Kk,) ——K;(Coo—kk,) —O.A (K, + A, + K, + K, +K)

_erAi(kl + Az + kz + k3 + k5)((A4 - ke)(Az(ks(kl + kz) —Co+ k1k2 + ks (kl + kz + ks)) - ks(ks(kl + kz)
—cw+kk,)+k(co+kk,)+0, A (k +k,+k;+k;)—6 Ak;)

+0, A —kik, —kg (K, +K, +K;) + A, (k; +k, + Ko+ K, ) — 6, AkT — O, Ak: — 6, A (K, (K +k,) —co+kk,
+ks (K, + K, +K;)) — Kk (co—kK,) + O, Ak (k, —a, + K, + K, + k) + 6, Ak, (K, + K, + K, +K))

by = O.AA, (K (Ky (k, +K,) + 0. AKZ + 6, A (K +K,) —cao+k K0 Ak + A +k, +k, +k;)

+kg (K, + K, + K, + Kk )) (6, Ak, + (A, — K (A, (K (Ky (K, +K,) —Ccaor+ K+ K, )Ks (K +K, +K,) +

A, (K + K, +k; + k) + Ko (Ko (K, + k) —co+kK,) + 6, AK0,Ak.co+ kK, +Kk (K +k, +k;)
—Ky(co—kK, + 70, AKZ +0 AKS + 0. (A, — Ky )(Co—K, (K, +K,) + 6, A —kK, —K; (K +K, +K,) +

A, (K, + K, + Ky +Kg)) + K (Ko (K, +K,) —co+kK,) + 6, AK,6, Ak, — A, (K;(k, +Kk,) —cao+kk, +
Ks(k, +K, +K;)—K;(co—kK,)—O. A (k, + A, + K, + Ky + k) —Cco+kK,) — K, (Co—kK,))

—O,AK: — (A, — k) — A, (ko (K (k, +K,) — kg (A, (K (Ko (K, + K,) —co—co+kk,) -k, (co—kk,))
+6, A (Co— K,y (K, +K,)

We apply Routh-Hurwitz criterion which states that all roots of the polynomial (85) have negative
real part iff the coefficients m,are positive and the determinant of the matrices H, > ofor
i=0,1,2,3,4,5,6.therefore,
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R R R P, Py Py
R PR PR R P, P,
O R B R P, Py >0
0O B P P R P,
O 0 R P B P,
0O 0 R P P PR

H,=a,=b,+b,+b,+b, >0
b, b, ]
H, = 1 b =b,b, —b, >0,iff bb, >b,
3
b2 b4 bG b3 bs 1 b0 2
H3:b1 ba bs :bzb b _b10 1:szs>b0b3
0 b, b, 5o
b1b2b3 —b0b32 _b12 = b1b2b3 _(bo b32 +b12) >0 iff b1b2b3 > boba2 + bls
b 0 O
s B b, by 0 1 b, 0
1 b, b O
H4:0 b b1 0:b3b3 b1 O_blo bl 0
° 1 b, b [0 b, b
0 1 b, b
0 b, 0 0 0 O
=l bz bl _bo ’ _bl 1b1 _bo
b, b| °|1 b, b, b| °/0 b,

bs [boblbz - bobs)] - b1 [bobl]
bbb,b, — (b by” +°,%) > Oiff bbb, > (b, by +by’by’)

Therefore, all the Eigen values of the polynomial (85) have negative real parts, implying
that 2, <0 and 4, <0. Since all the values of 4 <o, for i=1,234,56,7,8.when R, <1, we

conclude that the disease-free equilibrium point is locally asymptotically stable.
4.4.5 Global stability of the disease free equilibrium point with both drug resistant TB and

drug resistant TB

We used the method of [13] to obtain the global stability of the disease equilibrium point.
Two conditions which guarantee the global stability of the disease- free state were considered.

181



Abacus (Mathematics Science Series) Vol. 49, No 1, April. 2022

Therefore, we recall lemma 1 and theorem 4. The system of equations (1) to (8) is re-write in the

following form;

dX
2 ZF(X,Z
dt ( ! )

dz (86)
= 8(X.2).6(x,0)=0

Where X :(V,S, RR,RS) denotes the number of uninfected individuals and X e R®, while
Z =(Lg L, I, I )denotes the number of infected individuals andZ e R*. We represent the
disease-free state by E° =(X°,0) .

Lemma 1: The point K°=(X°,0)is called stable global asymptotic equilibrium point, if in
addition R, <1 and the conditions H, and H, holds. The following theorem is formed:

Theorem 8: Let R, <1. Then the disease free equilibrium is globally asymptotically stable.

Proof:
LetX =(S,V,Rq,Ry), Z=(Ls, Ls, I, 1) and K® =(X°,0) where
SA  c((1-8)Ak +wSA) (1—8)Ak, + @wSA

X0=(v° S L., L2 1,12, R2RY) = (— : ,0,0,0,0,0,0
(V R S RS R S) (kl + klkz—a)(; klkz—a)c )
(87)
X eR*
OA+CS—(w+d)V
(1-8)A+aV —(c+d)S - (e n—a, (1-n)IS —(a,n+a, (1-17))IS (88)

v.nlg+v, Ly —dRg

v nls +v, Ls —dRg
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SA —(w+d)V
1-6)—[(c+d)+mI.]S—m,IS
0
0

F(X,0)= (89)

Considering the following equations (3) to (6)
ZeR*

% - (1_pl’)(a|’177+arz (1_77)) 1S _(Vrl +6,+d ) L
dL

H:(l—ps)(asln+asz (1—n))ISS—(vsl+¢95+d)Ls (90)

C:thR:Pr (ar177+ar2 (1—77))|RS +6, L, _(Vr277+dr +d)|R
%S=Ps (Olsl77+a52 (l—ﬂ))ISS +0,L —(1/5277+dS +d)|s

-k, 0  ASC 0

0 -k O AS°
6 0 AS°-k, O
0 @ 0 AS°—Kk,

A=

(91)

-k, 0  AS° 0
0 -k O AS°
6 0 AS°-k, O

0
0 9 0 AS’—k ©2)

-
o

w

AZ =

o)

w

—k,L, + AS°l, 0
0 —k,Lg + A,S°l,
0L, +(AS°—k,)I, 0
0 O.Ls +(AS® —kg)ls

G(_X,Z)zAZ—G(X,Z)

AZ =

(93)
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—k L, +AS°l, 0 AlLS —kL,
G(X,Z) = 00 —ksLs + A8l B Al S -k L
t9r|-R +(A38 —k4)|R 0 A’.IRS+‘9rLR_k4|R
0 0L +(AS° —ky)l Al S+6.L —kl
6,(x,2)) [@-pan+a, A-my(s°=S)
6(x.2)-| D) | (- p,)ayn +a, 1-n)Ls (8° -$)
G(X.2)| | plan+a,L-mla(s’-S)
é4(xyz) ps(a5177+a52(1_77))|5(80—8)

(95)
Therefore, since S <S° we have G,(X,Z),G,(X,Z),G,(X,Z),G(X,Z) >0 the global stability of

X°%=(Vv°5S°0,0,0). The system of Z—)t( =F(X°,0) is easy to verify. Therefore X°is globally

asymptotically stable if R, <1. This completes the proof.

5.0 Numerical Results

We present the numerical simulation for the TB model with drug resistance and sensitivity
incorporating case detection. The graphs are generated using Table 1 and the results presented in
Figures 4.1 to 4.32. We implemented the numerical results for four (4) cases namely: Dynamics
of the compartments with respect to time; variation of case detection; variation of transmission
rate and variation of treatment rate.

Table 1: Variables and parameters values used for computational results

Variable/Parameter Values Reference
Vv 900 [14]
S 3800 [14]
Ly 1800 Assumed
Ls 100 Assumed
e 50 [14]
I 200 [14]
Re 20 [14]
Rs 30 [14]
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Ps 0.1 [14]
PR 0.1 [14]
40 0.8 [14]
vh 0.8 [14]
6, 0.7 [14]
A 0.7 [14]
W 0.67 Assumed
) 0.10 [14]
Cc 0.715 Assumed
d 0.075 [15]
d, 0.32 [14]
d, 0.32 [15]
n 0.57 [15]
A 18 [15]
6, 0.7 [16]
o, 0.7 [16]
a, 0.01 [15]
a, 0.03 [15]
. L

Fig.2 Dynamics of vaccinated individuals  Fig.3 Dynamics of susceptible individuals
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1600 1 1 140 H
o, 00T » 120
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1200 3
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& 600 @
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200 2
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Fig.4 Dynamics of latently resistant persons Fig.5 Dynamics of latently sensitive persons
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Fig.6: infectious resistant individuals Fig.7: infectious sensitive individuals
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Fig.8: recovered resistant individuals Fig.9: recovered sensitive individuals
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Fig.10 vaccinated when case detection is varied. Fig.11 susceptible when case is varied
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Fig.12: latently resistant when case is varied.
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Fig.13. latently sensitive when case is varied

187



Abacus (Mathematics Science Series) Vol. 49, No 1, April. 2022

400 T 200 . .
#=0.00 —— =000
350 p=025| ] 1=0.25
——— =050 ——— =050
» —— =075 o 150 —— =075/ ]
g 300 y=1.00| g =100
=) o
z =
= o
£ %0 001
g 2
B 200 K]
W =
& &
50 -
g 150 g
=1 -
Q [¢]
£ 100 2
£ ol
50 1
0 . . 50 . . . . . . . . .
0 5 0 15 20 25 30 35 40 45 50 0 5 10 15 20 25 3 35 40 45 50
Time (Years) Time (Years)

Fig.14: infectious resistant when case varied. Fig.15: infectious sensitive when case varied
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Fig.18: Vaccinated when cases is varied. Fig.19: Susceptible when cases are varied
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Fig.26: Vaccinated when vaccination varied. Fig.27: Susceptible when vaccination varied
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Fig.30: Infectious resistant when vaccination varied. Fig.31: Infectious sensitive when
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Fig.32: Recovered resistant when vaccination varied. Fig.33: Recovered sensitive when
Vaccination rate is varied

6.0 Discussion of simulation results
6.1. Simulation results for models with the impact of drug resistant and drug sensitive TB

From figure (2), we observed that the population of vaccinated individuals decreases and
later stabilizes to a certain level as a result of winning of vaccine. Figure (3) revealed that
susceptible individuals drop sharply over time. This resulted from the fact that latently infected
individuals with DS-TB, latently infected individuals with DR-TB, infectious individuals with DS-
TB and infectious individuals with DS-TB influence the potentially ones thereby reducing the
number of susceptible ones.

From Figure (4), we observed that the population of latently resistant infected individuals
with drug resistance TB decreases slowly then sharply to a certain level. Latently infected
individuals with drug sensitive TB rises gradually for year two, drops sharply and stabilises at year
five and as depicted in Figure (5)
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From Figure (6) we observe that the population of infectious individuals with drug resistant
TB raised exponentially in the period of two years and later drops drastically to steady point. In
Figure (7), it was observed that the population of infectious individuals with drug resistant TB
decreases and stabilizes at year five.

We observed from Figure (8) that the population of recovered individuals with Drug
resistant-TB increased exponentially over time and later decreases gradually over time. It was
observed from Figure (9) that the population of recovered individuals with Drug sensitive TB
increases over time before dropping drops down over a period of time
6.2 Simulation results when case detection is varied

In Figure (10) it was observed that there is a significant impact of case detection on the
vaccinated individuals. This implies that as the rate of case detection increases in the population,
Figure (10) shows that the vaccinated individuals rapidly increased due to case detection. Figure
(11) shows no significant effect of case detection on the susceptible individuals. This implies that
as the case detection rate increases over time, susceptible individuals reduces and later stabilizes.

In Figure (12) we observed that there is significant impact of case detection on the latently
infected individuals with DR-TB individuals. This implies that as the case detection rate increases,
latently infectious individuals with DR-TB decreases and stabilizes at a minimal point due to case
detection. Similarly, Figures (13) revealed that as the rate of case detection increases, the latently
infected individuals increases and later decreases sharply as there is a great impact of case
detection as shown in Figure (13).

Figure (14) shows that as the rate of case detection increases, the infected individuals with
DR-TB grows sharply, decreases over a time and later stabilizes over a period of time. Likewise
Figure (15) revealed that as the rate of case detection increases, the infected individuals with DS-
TB decreases as a result of case detection.

Figure (16) shows that as the rate of case detection increases, the recovered individuals
with DR-TB increases over time and gradually decreases within a period of five years and

193



Abacus (Mathematics Science Series) Vol. 49, No 1, April. 2022

stabilized. Figure (17) shows that as the rate of case detection increases, the recovered individuals
with DS-TB increases over time and gradually decreases within a period of five years and stabilizes

6.3 Simulation results when transmission rate with case detection is varied

Figure (18) we observed that as the transmission rate of detected cases increase, there is is
an increase in number of vaccinated individuals. As the transmission rate of detected cases
increases, susceptible individuals depicted sharply in Figure (19).

Figure (20) shows that as the transmission rate of detected cases increases, the latently
infected individuals with DR-TB drops and later stabilizes. Figure (21) shows that as the
transmission rate of detected cases increases, the latently infected individuals with DS-TB
increases sharply. As the transmission rate of case detection rate increases, latently infected
individual increases, and later stabilizes over a period of time.

Figure (22) has shown that as there is no transmission rate of detected cases, the latently
infected individuals with DR-TB increase and later stabilized over a period of time. Figure (23)
has shown that as transmission rate of detected cases increases, the latently infected individuals
with DS-TB decrease and later stabilized over a period of time.

6.4 Simulation results when vaccination rate varied

Figure (26) has shown that as the vaccination rate increases, the number of vaccinated
individual increases over a period of time. For the decrease in vaccination rate the number of
vaccinated individuals also decreases.

From Figure (27) it was observed that as the number of vaccination rate increases or decreases it
has no impact on susceptible individuals.

Figure (28) revealed that as the number of vaccination rate increases, the number of latently
infected individuals with DR-TB decreases as a result of susceptible individuals been vaccinated.
As the vaccination rate decreases individuals in a latently infected individuals with DR- TB
increases. As the vaccination rate increases, the latently infected individuals with DR-TB increases
exponentially and later dropped sharply over a period of time and then stabilized as revealed in
Figure (29)
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From Figure (30) it was shown that when the vaccination rate increases, the infected individuals
with DR-TB increases and later decreases sharply over a period of time. As the vaccination rate
increases, the infected individuals with DS-TB decreases over a period of time as shown in Figure
(31)
From Figure (32) as the vaccination rate increases, the number of recovered individuals with DR-
TB increases exponentially. It decreases over a period of time due to the winning of vaccine. Figure
(33) has shown that the number of recovered individuals with DR-TB increases and later decreases
gradually as a result of individuals coming into the susceptible class.
7.0 Conclusion

This paper presents a realistic deterministic model for the transmission dynamics of
tuberculosis with case detection.. In contrast to many tuberculosis models in literature, we
incorporate vaccine, fast and slow progression, case detection, drug resistant class and drug
sensitive TB for tuberculosis into the existing model by [15].

Analytical study was carried out and the results shows that the disease free equilibrium

points are locally asymptotically stable whenever R, <1 and global asymptotically stable
whenever R, <1. The simulation carried out shows that case detection is vital in the eradication

of TB in a population.
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