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Abstract

The quadrupled fixed point is a generalization of the idea of tripled fixed point. This notion
of fixed point has played a very important role in the field of mathematics, especially in the
aspect of nonlinear analysis. In this paper, we present the notion of stability analysis of
quadrupled fixed point iterative procedures via the use of mathematical analysis properties
and establish results for mixed monotone mappings in partially ordered metric space,
satisfying the new modified type of contractive conditions. Our results complement and
summarize some of the results in the literature.
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1. Introduction

The notion of fixed point is of great interest in mathematics as well as in numerous areas
of applied sciences. In the case of fixed points of an operator T: X% — X, the stability of a
fixed point iterative procedures was first studied by Ostrowski (1967) in the case of Banach
contraction mappings and this subject was later developed for certain contractive
definitions by several authors, Rhoades (1990, 1993), Osilike (1995, 1996), Jachymski
(1997), Berinde (2002, 2003), Imoru and Olatinwo (2003), Imoru, Olatinwo, Owojori
(2006), Olatinwo, Owojori and Imoru (2006).

Banach-Caccioppoli-Picard Principle was applied on partially ordered complete metric
spaces and starting from the results, Bhaskar and Laksmikantham (2006) extend this theory
to partially ordered metric spaces and introduce the concept of coupled fixed point for
mixed-monotone operators of Picard type, obtaining results involving the existence, the
existence and the uniqueness of the coincidence points for mixed monotone operators
T:X? — X in the presence of a contraction type condition.
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This concept of coupled fixed points in partially ordered metric and cone metric spaces
have been studied by several authors, including Ciric and Lakshmikantham (2009),
Lakshmikantham and Ciric (2009), and Sabetghadam, Masiha and Sanatpour (2009),
Karapinar (2010), Choudhury and Kundu (2010), Aniki and Rauf (2019).

Recently, Berinde and Borcut (2011) obtained extensions to the concept of tripled fixed
points and tripled coincidence fixed points and also obtained tripled fixed points theorems
and tripled coincidence fixed points theorems for contractive type mappings in partially
ordered metric spaces. Research on tripled fixed point was continued by Abbas, Aydi and
Karapinar (2011), Amini-Harandi (2012) and Kishore (2011).

Very recently, Rauf and Aniki, (2020) introduced quadrupled fixed point theorems for
contractive type mappings in partially ordered cauchy spaces. Also, following the series,
Aniki and Rauf, (2021) established the stability theorem and results for quadrupled fixed
point of contractive type single valued operators.

On the other hand, the concept of stability is adapted from the iterative fixed point method,
Olatinwo (2012) studied the stability of the coupled fixed point iterative procedures using
some contractive conditions for which the existence of a unique coupled fixed point has
been established in literature.

2. Methodology

Firstly, we consider some notations that will be relevant in the proof of our main results.
If (X,<) is a partially ordered set and d be a metric on X such that the pair (X,d) is a
complete metric space. Then,X* is a product space with the following partial order

(p,q,r,s) <wvwx)euzpv<qw=rx<s

V(p,q,7,5), (w,v,w,x) € X*.

Definition 1. Let (X, <) be a partially ordered set and T: X* - X be a mapping. We say
that T has the mixed monotone property if T(u, v, w, x) is monotone nondecreasing in u
and w, and monotone nonincreasing in v and x, that is, for any u, v,w, x € X,

UyUy EX,uy Sup, = T(ug,v,w,x) < T(uy, v,w,x),

v,V €EX,v; S v, 2 T(u,v,w,x) = T(u,v,,w,x),

w,w, EX,w; <w, = T,v,wy,x) < T, v,w,, x),
and

X1,X € X, %1 < x, = T(w,v,w,x1) = T(u,v,w,x,).

Definition 2. An element (u,v,w,x) € X* is called a quadrupled fixed point of the
mapping T: X* - X, if
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T(u,v,w,x) =u,T(v,u,v,x) =v,T(w,u,v,w) =w,and T(x,w,v,u) = x.

Definition 3. The mapping T: X* — Xis said to be (49, k, A, u) —contraction if and only if
there exists four constants 9 > 0,k > 0,A > 0,u = 0,9 + k + A + u < 1, such that for all
u,v,w,x,p,q,7,s €X,
d[T(u,v,w,x), T(p,q,1,5s)]
=9d(u,p) + kd(v,q) + Ad(w,r) + ud(x,s), (D
In relation to (1), some new contractive conditions are introduced.
Let (X,d) be a metric space. For a map T:X*-X, there exists
ay, Qz, 03,04, B1, B2, B3, B2 20, With a;+a+az+a, <L+ P+ s+ <1,
such that Vu,v,w, x,p, q,7,s € X, the following definitions of contractive conditions are
introduced:
L. d(T(u,v,w,x),T(p, q,r,s))

< a,d(T(w,v,w,x),u) + p,d(T(p,q,7,5),p), (2)
d(T(v, u,v,x),T(q,p,q, s))
< ad(T(w,u,v,x),v) + B,d(T(q,p,9,5),9), 3)
d(T(W, u,v,w), T(r,p,q, r))
< a;d(T(w,u,v,w),w) + B3d(T(r,p,q,7),1), (4)
d(T(x, w,v,u),T(s,1,q, p))
< a,d(T(x,w,v,u),x) + B, d(T(s,7,q,p),s), (5)
ii. d(T(u, v,w,x), T(p,q,r, s))
< a;d(T(u,v,w,x),p) + B1d(T(p,q,1,5),u), (6)
d(T(w,u,v,%),T(q,p,q,5))
< a,d(T(v,u,v,%),q) + B.d(T(q,p,q,5),v), (7)
d(Tw,u,v,w), T(r,p,q,7))
< az;d(T(w,u,v,w),r) + B3d(T(r,p,q,1),w), (8)
d(T(x,w,v,u),T(s,7,q,p))
< a,d(T(x,w,v,u),s) + B,d(T(s,1,q,p),x), 9

Let A,B € M(;, ) (R) be two matrices. We write A < B;if a;; < f;; forall i =1,m, j

1,n.
In order to prove the main stability result in this research, the next are given

Lemma 1. Let {a,}, {B,.} be sequences of nonnegative numbers and h be a constant, such

that 0 < h <1 and
Apy1 < ha, + B, n=0,
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If lim B, = 0, then lim «a,, = 0.

n—>oo n—>oo

Also, given in the next result is the extension of Lemma 1 to vector sequences where
inequalities between vectors means inequalities on its elements.

Lemma 2. Let {p,}, {q.}, {1}, {5} be sequences of nonnegative real numbers. Consider a
matrix A € M4 4)(R) with nonnegative elements, such that

Pn+1 Pn Nn
dn+1 dn &n
Th+1 = 4. Th N 6n y
Sn+1 Sn Yn
>0, (10)
With
i. hm An = 04_,
n—>0oo
. D=0k < 9, Xi=o &k < 0, Vo0 < 00, and Yo Vi < .
Nn 0 Pn 0
. nl [0 . an | _ [0
i (57 ) = (8 ven i ()= ).
Yn 0 Sn 0
Proof

For A = 0 € My 4), (10) is rewritten with n = k and summing the inequalities obtained for
k =0,1,2, ...,n. Then, the following is obtained for k = 0,1,2, ..., n.

Pn+1 Po n Nn-k
An+1 n+1 | 90 Z k| En-k
< >
p a4 ) Ak ST nz, (11)
Sn+1 So k=0 Yn—k

From condition (ii) of Lemma 2, it follows that the sequences of partial
sums{H, },{E,.}, {A,.}, {I},}, are given respectively by H, =ny +n, + -+ 0, E,, = &0 +
g+t Ay, =6+6++6, and [, =y, +y; + -+ 1y, for n >0, converge
respectively to some H,, = 0,E,, = 0,A,, = 0, and I3, = 0 and hence, they are bounded.
Let M > 0 be such that

H, 1
E, 1
A, < M. 1,‘v’nZO.
r 1

By condition (i) of Lemma 2, then Ve > 0, there exists N = N(e) such that A" <
j.lmm >N, M > 0.
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Write
n Nn-k No Nn-nN Nn-N+1 Nn
En—k €o €n-N €n-N+1 €n
Akl R = A" cee 4+ AN AN-1 ek ]
kz Sk S | T AN 80w | T Suonsr | T4 6,
0 \Vn-k Yo Yn-n Yn-n+1 Vn
But
Mo Nn-nN [ /Mo Nn-nN
€o €n-N e €o €n-N
A" e AN < —]
8o ot On-n | = 2M *|\ ot On-n
Yo Yn-n [ \Yo Yn-n
Hn—N 1 1
e E. _ e 1 ef1
=—L| "V ]|<s—.I.M == ,Vn=N.
oM Ay [T ) T2 )T
Ty n 1 1
On the other hand, denote A’ = max{l,, 4, ..., AN~1}, the following is obtained
77n—N+1 nn 77n—N+1 nn
_1[ €n-nN+1 €n En—N+1 €n
AN ot <A + ot
5n—N+1 4 6n 6n—N+1 611
yn—N+1 Vn yn—N+1 Vn
Hn - Hn—N
E,—E
=A’ n n—N
An - An—N
l—‘n - l—‘n—N
Since N is fixed, then lim H, = lim H,_y =H,limE,, = limE,_y =E,lim A, =
n—-oo n—-oo n—oo n—oo n—-oo
lim A,_y = A, lim I}, = lim I},_y = T, which shows that there exists a positive integer
n—oo n—-oo n—-oo
k such that
Hn - Hn—N 1
' En - En—N €1
— >
A A, —A,_y <2 1Y k
QU 1
Now, for m = max{k, N}, the following is gotten
No Nn 1
&o &n 1
n ce e
A 8, +-+ 1, 5, <e 1 ,Vnz=m,
]/O ]/n 1
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NMn—k
En—
and therefore, lim Y7_, A* 6” k1l=o.
n—-oo n—k
Yn—-k
Now, letting limit in (11), as lim A™ = 0, then
n—-oo
Pn 0
: n |\ _ [ O
Jm\ | =lo)
Sn 0

as required.

3.  Main Results
Let (X,d) be a metric space and T: X* — X be a mapping. For (uy, vy, Wy, xo) € X* the
sequence {(u,, v,, w,, x,)} c X* defined by

Upy1 = T(un' Un, Wh, xn): Unt1 = T(vn: Uy, Up, xn);
Wn+1 = T(Wn» un; Un; Wn); xn+1
= T (X, Wy, Uy, Uy,) (12)

withn = 0,1,2, ..., is the quadrupled fixed point iterative procedure.

Definition 4. Let (X, d) be a complete metric space and

Fix,(T) = {(u*,v*,w*, x*) € X*/ T(u",v,w*, x*) = u*, T(v*,u*,v*,x*)

= v, T(w*u*,v,,w") =w" T w,v,u*) = x*}

is the set of quadrupled fixed point of T.
Let {(u,, v,, w,, x,,)} € X* be the sequence generated by the iterative procedure defined
by (12), where the initial value which converges to a quadrupled fixed point (u*, v*, w*, x*)
of T is (ug, vy, Wo, Xo) € X*.
Let {(p,, G T Sp)} € X* be an arbitrary sequence. For all n = 0,1,2, ... settingn,, =
d(pn+1r T (P G Ty Sn))r &n = d(qn+1r T(qn P> G Sn))! 6p =
d(Tn+1, T(rn' Prn qn» rn))' Yn = d(sn+1' T(Sn: T 9n. pn))-
Then, the quadrupled fixed point iterative procedure defined by (12) is T —stable or stable
with respectto T, if and only if }Llr?o(n”’ Enr Oy V) = Oge implies that ,llijﬂlo(pn' Q> V) Sn) =

(u*, v, w*, x*).

Theorem 1. Let (X, <) be a partially ordered set and suppose there is a metric d on X such
that the pair (X, d) is a complete metric space. Let T: X* — X be a continuous mapping
having the mixed monotone property on X and satisfies the contraction conditions (2)-(5).
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If there  exist ugy vy, wexo €X such that  uy < T(uy, vg, W, Xg), Vg =
T (vg, Ug, Vo, Xo), Wy < T (W, Ug, Vo, Wy), and x, = T (xq, Wy, Vg, Ug),

then  there  exist u*, v ,w*x*€X such thatu” =T(u" v, w*x"),v"=
T(w*,u*, v x*),w*=Tw*u",v,w"), and x* = T(x*, w*, v*,u*).

Assuming that for every (u, v, w, x), (uy, vy, wy, x,) € X*, there exist (p,q,r,s) € X* that
can be comparable to (u,v,w,x) and (u;, vy, wy,x7). For (ug, vy, wy, %) € X%, let
{(u,, v, Wy, x,)} € X* be the quadrupled fixed point iterative procedure defined by (12).
Then, the quadrupled fixed point iterative procedure is stable with respect to T.

Proof
Let {(un' Un»Wn, xn)} - X4177n = d(pn+1! T(pn; qn> T, Sn))f &n =
d(CIn+1» T(Qnr Prn qn, Sn))r 6, = d(rn+1» T(rn» Pn Qns rn))» and y, =

d(5n+1: T(Sn: T Qn, pn))-
Assume also that limn, =lime, = lim§,, = limy,, = 0, in order to establish that
n—-oo

n—o n—-oo n—oo
Tlli_{?op" = u*,rlli_r)gloqn = v*,ii_)rg)rn = w", and 71113.105” = x".
Therefore, on using the contraction condition (2), the following is obtained
d(pn+1: u*) S d(pn+1: T(pn' qn: rn: Sn)) + d(T(pn' Qn' rn' Sn); u*)
= d(TPn, G T ), T, V*, W7, X)) + 115,
= d(T@",v",w*,x*), T(Pn, Gns T Sn)) + T
< a d(T@', v, w',x"),u") + B1d(T(Pr, G, T Sn), Pr) + 1
< a;d(W’, u) + B1d(T Pn, Gns T Sn)s Pra1) + B1d(Ppar, w) + BrdW, pn) + 1y
= a;d(",u") + f1d(Ppi1,u”) + frdW, py) + (B + D1y
Hence,
d(Pns1,u") = B1d(Prsr, u") < BrdW”, py) + (B + Dy + ad(w’, u*)
(1= B)dPpe1,u) < BrdW,pn) + 15/,
where 1, = (B, + Dn, + a;d(u*, u).

Applying Lemma 1 for—£L_ ¢ [0,1), then limp,, = u".
1-B1) n-oo

Now, making use of the contraction condition (3), the following is obtained
d(qn+1' U*) S d(Qn+1' T(Qn' pn: Qnr Sn)) + d(T(qn: pnr qn» Sn): v*)
= d(T(Qn' Pn, qn, Sn): T(U*; u*, v, x*)) + &,
= d(Tw", u",v",x*), T(Gn P Gn» Sn)) + &n
< azd(T(U*. u*: U*, X*): U*) + :Bzd(T(qn: Prn Qs Sn): qn) + &n
< a,d(",v") + Bod(T (qn, P> Gns Sn)» Gnr1) + B2d(Gnir, V) + Bd(V7, q,) + &5
= a,d(",v") + Bd(Gni1, V") + Pod(v7, q,) + (B + De,.
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Hence,
d(Gns1, V") = B2d(Gns1, V") < Bod(v7, qn) + (B + Dy + apd (v, v7)
(1 - ﬁz)d(qn+1: U*) < ﬁzd(v*; Qn) + gn,»
where &, = (B, + e, + a,d(v*,v").
Applying Lemma 1, for B ;€ € [0,1), then limg,, = v".
n—-oo
Now, making use of the contraction condition (4), the following is obtained

d(rn+11 W*) S d(rn+11 T(rn! pn! Qn! Tn)) + d(T(rn: pn; qn! rn): W*)
= d(T(T'n, Dns Qs 1), T(W™, ", 07, W*)) + 6y,
= d(T(W*,u*,v*,w*),T(rn, D> On» rn)) + 6,
< a3d(T(W*: u*: U*, W*); W*) + .B3d(T(rnt Pn, qns Tn)r Tn) + 6n
< CZ3d(W*, W*) + ﬁ3d(T(rn» Pn, qn, rn)rrn+1) + ﬂSd(rn+1» W*) + ﬂ3d(W*:Tn) + 611
= azdW*,w") + f3d (11, W) + Bzd(W™,13,) + (B3 + 1)6,,.
Hence,
d(rn+1: W*) - ﬂSd(Tn+1r W*) < ﬁ3d(W*:rn) + (ﬂS + 1)611 + a3d(W*» W*)
(1 - ﬂ3)d(rn+1r W*) < :83d(W*:rn) + 611"
where &, = (85 + 1)8, + a3d(w ,W).
Also applying Lemma 1, for ﬁ ) € [0,1), then iii?or” =w".
Similarly, making use of the contraction condition (5), the following is obtained

d(5n+1r x*) < d(5n+1r T(Sn» T Qn. pn)) + d(T(Sn» T qn, pn): x*)
= d(T(Sn' Tos @y D), T(X™, W, V7, u*)) + Vn
= d(T(X*, wh, v, u*), T(Sn: Ty Qno pn)) + Vn
< ad(TC,w™,v',u"), x%) + Bad(T(Sn, Ty Gy D)y Sn) + Vi
< a,d(x",x7) + Bad(T (Sp, Ty Grs Pr)s Sna1) + Bad(Spi1, X7) + Bad (X7, 5,) + ¥y
= a,d(x",x") + Pad(Sp1, X7) + Bad(x”,5,) + (Bs + Dyy.
Hence,
d(Sns1,X") = Bad(Sps1, x7) < Bad(x",55) + (By + Dyp + azd(x”,x7)
(1 - ﬂ4)d(sn+1: X*) < :84-d(x*; Sn) + ynly
where v, = (B, + 1)5,, + a4d(x x*).

Also applying Lemma 1, for ﬁ € € [0,1), then lims, = x¥,
n—-oo

as required.

Theorem 2. Let (X, <) be a partially ordered set and suppose there is a metric d on X such
that the pair (X, d) is a complete metric space. Let T: X* — X be a continuous mapping
having the mixed monotone property on X and satisfies the contraction conditions (6)-(9).
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If there exist ugy vy, wgxo €X such that  uy < T(uy, vg, W, Xo), Vg =
T (vg, Ug, Vo, Xo), Wy < T (W, Ug, Vo, Wy), and x, = T (xq, Wy, Vg, Ug),

then  there  exist u*, v ,w*x*€X such thatu” =T(u" v, w*x"),v"=
T(w*,u*, v x*),w*=Tw*u",v,w"), and x* = T(x*, w*, v*,u*).

Assuming that for every (u, v, w, x), (uy, vy, wy, x,) € X*, there exist (p,q,r,s) € X* that
can be comparable to (u,v,w,x) and (u;, vy, wy,x7). For (ug, vy, wy, %) € X%, let
{(u,, v, w,, x,,)} © X* be the quadrupled fixed point iterative procedure defined by (12).
Then, the quadrupled fixed point iterative procedure is stable with respect to T.

Proof
Let {(un: VUn, Wh, xn)};.lo=0 c X4! Nn = d(pn+1r T(pn; qn> T, Sn))f &n =
d(CIn+1» T(Qnr Prn qn, Sn))r 6, = d(rn+1» T(rn» Pn Qns rn))» and y, =

d(5n+1: T(Sn: T Qn, pn))-
Assume also that limn, =lime, = lim§,, = limy,, = 0, in order to establish that
n—-oo

n—coo n—-oo n—co
limp, =u* limg, = v*, limr, = w", and lims,, = x*.
n—-oo n—-oo n—-oo n—-oo

Therefore, on using the contraction condition (6), the following is obtained

d(pn+1: u*) S d(pn+1: T(pn' qn: rn: Sn)) + d(T(pn' Qn' rn' Sn); u*)
= d(T(Pn, Gn T 50), T, 0", W*, x7)) + 11
= d(TW", v, w", x*), T(Pn, Gns s S1)) +
< a;d(T(w", v, w*, x"), pn) + ﬂld(T(pnr dn» T, Sn)r u’) + Nn
< a d@W, pp) + B1d(T (P, Guy Ty Su), Pr) + Prd (P, u”) + 115
= (6(1 + .Bl)d(pn» u*) + ﬁld(T(pn» n> s Sn): pn) + Nn
= (a; + B1)d(Pp, u") + BiNp—1 + Ny
Hence, on taking limit and applying Lemma 1 for h = a;, + B, € [0,1)and
where 1, =1, + Binn-1 — 0, then 7li_r)glopn =u".

Now, on making use of the contraction condition (7), the following is obtained

d(qn+1' U*) S d(Qn+1' T(Qn' pn: Qnr Sn)) + d(T(qn: pnr qn» Sn): v*)
= d(T(an Pn» qns Sn)r T(w",u", v, x*)) + &y
= d(T(U*, ut, v, x"), T(Qnr Pn, qn, Sn)) + &,
< azd(T(U*; u*; 17*, X*)r qn) + ﬁzd(T(Qn! Pnr qns Sn): 17*) + €n
= azd(v*' qn) + IBZd(T(qn: Pns qn., Sn): Qn) + ﬁzd(Qn: U*) + €n
= (“2 + IBZ)d(qn: U*) + ,Bzd(T(CIn: Pn» qns Sn): Qn) + €n
= (az + $2)d(Gn, V") + Bren1 + &,
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Hence, on taking limit and applying Lemma 1 for h = a, + B, € [0,1)ande,,’ = ¢, +
Br&,-1 — O,then limg,, = v".
n—-oo

Now, on making use of the contraction condition (8), the following is obtained

d(rn+11 W*) < d(rn+11 T(rn! pn! Qn! rn)) + d(T(rn: pn; qn! rn): W*)
= d(T(h, Py G 1), TW™ 07, 0%, ")) + 6,
= d(Tw"u",v",w"), T (%, D Gn, ) + 6n
=< 0(3d(T(W*, ut,v,wh), Tn) + ﬁ3d(T(Tn, Pn> qn, Tn)r w’) + On
S a3d(W*, rn) + ﬁ3d(T(rnl pn! qn! rn)r Tn) + .B3d(rnr W*) + 671
= ((1’3 + ﬁs)d(rn: W*) + ﬁSd(T(Tn: Pn, qnirn)r rn) + 571
= (as + B3)d(1, w*) + f36,_1 + Oy
Hence, on taking limit and applying Lemma 1 for h = a3 + 55 € [0,1) and §,,' = §,, +
B36,-1 = 0, then limn, = w".

n—-oo

Similarly, on using the contraction condition (9), the following is obtained

d(5n+1' X*) < d(sn+1' T(Sn: T Qno pn)) + d(T(Sn: T Qno pn)r x*)
= d(T (sp T G ), T (X7, W7, 07, 07)) + 1
= d(T(x*! W*! v*! u*)r T(Snr rnr qTU pn)) + Vn
< a4-d(T(X*' W*: 17*, u*)' Sn) + ﬁ4d(T(sn' T Qno pn): X*) + Yn
< ayd(x”, sp) + Bad (T (Sp, T, Gy Pn), Sp) + Bad(sp, x™) + 1
= (a4 + .84)d(5n' X*) + .B4d(T(Sn: T Qno pn)' Sn) + Vn
= (ay + B)d(sp, X" )BsVn-1* ¥n
Now, on taking limit and applying Lemma 1 for h = a, + B, € [0,1) and y,," =y, +
BaVn—1 — 0, then 1lli_r)rolosn = x".
4.  Conclusion
In this research, it has been clearly shown that stability of quadrupled fixed point iterative
procedure, for some modified contractive type mappings in partially ordered metric spaces
with mixed monotone property exists. This is the stability analysis for the iterative
procedure of quadrupled fixed point as established in Rauf and Aniki (2020).
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