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1. Introduction 

The notion of difference sequence space was introduced by (Kizmaz, 1981). It was 

further generalized by (Et and Colak, 1995) as follows: 𝑍(∆𝜇) = {𝑥 = (𝑥𝑘) ∈
𝜔: (∆𝜇𝑥𝑘) ∈ 𝑍, 𝑓𝑜𝑟 𝑍 = ℓ∞, 𝑐, 𝑎𝑛𝑑 𝑐𝑜where 𝜇 is a non negative integer and  

∆𝜇𝑥𝑘 = ∆𝜇−1𝑥𝑘 − ∆𝜇−1𝑥𝑘+1,     ∆0𝑥𝑘 = 𝑥𝑘 , ∀𝑘 ∈ ℕ                                        (1.1) 

Or equivalent to the following binomial representation 

∆𝜇𝑥𝑘 = ∑ (−1)𝜈𝜇
𝜈 (𝜇

𝜈
)𝑥𝑘+𝜈                                                                          (1.2) 

These sequence spaces were generalized by (Et and Basarir, 1997) 

 By taking, 𝑍 = ℓ∞(𝑝), 𝑐(𝑝) 𝑎𝑛𝑑 𝑐𝑜(𝑝). 

Dutta (2009), introduced the following difference sequence spaces using a new difference 

operator 

𝑍(Δ(𝜂) = {𝑥 = (𝑥𝑘) ∈ 𝜔: Δ(𝜂)𝑥 ∈ 𝑍}𝑓𝑜𝑟 𝑍 = ℓ∞, 𝑐, 𝑎𝑛𝑑 𝑐𝑜                                         

(1.3) 

Where Δ(𝜂)𝑥 = (Δ(𝜂)𝑥𝑘) = 𝑥𝑘 − 𝑥𝑘−𝜂  ∀𝑘, 𝜂 ∈ ℕ. 

In Dutta (2010) introduced the sequence spaces 𝑐̅(‖. ,   . ‖, ∆(𝜈)
𝜇

, 𝑝), 𝑐𝑜̅(‖.,   . ‖, ∆(𝜈)
𝜇

,

𝑝), ℓ∞(‖. ,   . ‖, ∆(𝜈)
𝜇

, 𝑝), 𝑚(‖.,   . ‖, ∆(𝜈)
𝜇

, 𝑝) and 𝑚𝑜(‖.,   . ‖, ∆(𝜈)
𝜇

, 𝑝) where 𝜇, 𝜂 ∈ ℕ and  

∆(𝜂)
𝜇

𝑥𝑘 = (∆(𝜂)
𝜇

𝑥𝑘) = ∆(𝜂)
𝜇−1

𝑥𝑘 − ∆(𝜂)
𝜇−1

𝑥𝑘−𝜂, and ∆(𝜂)
0 𝑥𝑘 = 𝑥𝑘.    ∀𝑘, 𝜂 ∈ ℕ which is 

equivalent to the binomial representation: 
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Δ(𝜂)
𝜇

𝑥𝑘 = ∑ (−1)𝜈𝜇
𝜈=0 (𝜇

𝜈
)𝑥𝑘−𝜂𝜈                                                                                                 (1.4) 

The difference sequence spaces have been studied by many authors (Isik, 2004); 

(Mursaleen, 1996) and (Raj et al, 2010) and references there in. Basar and Altay, (2003) 

introduced the generalized difference matrix 𝐵 = (𝑏𝑚𝑘), ∀𝑘, 𝑚 ∈ ℕ which is the 

generalization of Δ(1)-difference operator by 

𝑏𝑚𝑘 = {
𝑟                                𝑘 = 𝑚

𝑠                             𝑘 =  𝑚 − 1
0          𝑘 > 𝑚(0 ≤ 𝑘 < 𝑚 − 1)

                                                        (1.5) 

Basarir and Kayikϛi (2009) defined the matrix 𝐵𝜇(𝑏𝑚𝑘
𝜇

) which is reduced to the 

difference matrix ∆(0)
𝜇

 in case 𝑟 = 1, 𝑠 = −1. 

The generalized 𝐵𝜇-difference operator is equivalent to the binomial representation: 

𝐵𝜇(𝑥) = 𝐵𝜇(𝑥𝑘) = ∑ (𝜇
𝜈
)𝑟𝜇−𝑣𝑠𝑣𝜇

𝜈=0 𝑥𝑘−𝜈                                                   (1.6) 

LetΛ = (𝜆𝑘) be a sequence of non zero scalars. Then for a sequence space E, the 

multiplier sequence Λ is defined as  

𝐸Λ = {𝑥 = (𝑥𝑘) ∈ 𝜔: (λ𝑘𝑥𝑘) ∈ 𝐸}                                                         (1.7) 

An Orlicz function is a function 𝑀: [0, ∞) → [0, ∞), which is continuous non decreasing 

and convex with 𝑀(0) = 0, 𝑀(𝑥) > 0 𝑓𝑜𝑟 𝑥 > 0 𝑎𝑛𝑑 𝑀(𝑥) → ∞𝑎𝑠 𝑥 → ∞. 
We say that an Orlicz function M satisfies the ∆2-condition if there exists K>2 and 𝑥0 ≥
0 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 𝑀(2𝑥) ≤ 𝐾𝑀(𝑥)𝑓𝑜𝑟𝑎𝑙𝑙 𝑥 ≥ 𝑥0. The ∆2-condition is equivalent to 

𝑀(𝐿𝑥) ≤ 𝐾𝐿𝑀(𝑥)𝑓𝑜𝑟𝑎𝑙𝑙 𝑥 > 𝑥0 > 0 𝑎𝑛𝑑 ∀𝐿, 𝐾 > 1. 
Lindenstrauss and Tzafriri (1971) used the idea of Orlicz function to define the following 

sequence space: 

𝑙𝑚 = {𝑥 ∈ 𝜔: ∑ 𝑀(
|𝑥𝑘|

𝜌

∞
𝑘=1 ) < ∞}                                                       (1.8) 

This is called Orlicz sequence space. The space 𝑙𝑚 is a Banach space with norm 

‖𝑥‖ = inf {𝜌 > 0: ∑ 𝑀(
|𝑥𝑘|

𝜌

∞
𝑘=1 ) ≤ 1                                                    (1.9) 

It is shown in Lindenstrauss and Tzafriri (1971) that every Orlicz sequence space 

𝑙𝑚contains a subsequence isomorphic to𝑙𝑝(𝑝 ≥ 1). 

A sequence ℳ = (𝑀𝑘) of Orlicz function is called a Musielak-Orlicz function see 

(Maligranda, 1989) and Musielak, 1983). 

A sequence 𝜘 = (𝑁𝑘) defined by 

ℵ𝑘(𝑣) = sup{|𝑣|𝜇 − 𝑀𝑘(𝜇): 𝜇 ≥ 0} , 𝑘 = 1,2,3 …                                  (1.10) 

Is called the complimentary function of a Musielak-Orlicz function ℳ. For a given 

Musielak-Orlicz function ℳ, the Musielak-Orlicz sequence space 𝑡ℳ and its 

subsequence ℎℳ are defined as follow: 

𝑡ℳ = {𝑥 ∈ 𝜔: 𝐼ℳ(𝑐𝑥) < ∞, 𝑓𝑜𝑟 𝑠𝑜𝑚𝑒 𝑐 > 0}                                      (1.11) 
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ℎℳ = {𝑥 ∈ 𝜔: 𝐼ℳ(𝑐𝑥) < ∞, 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑐 > 0} 

Where 𝐼ℳ is a convex modular defined by 

𝐼ℳ(𝑥) = ∑ 𝑀𝑘(𝑥𝑘
∞
𝑘=1 ),    𝑥 = (𝑥𝑘) ∈ 𝑡ℳ                                         (1.12) 

We consider 𝑡ℳ equipped with the Luxemburg norm 

‖𝑥‖ = inf {𝑘 > 0: 𝐼ℳ(
𝑥

𝑘
) ≤ 1}                                                          (1.13) 

Or equipped with the Orlicz norm (Amemiya norm) 

‖𝑥‖0 = inf {
1

𝑘
(1 + 𝐼ℳ(𝑘𝑥): 𝑘 > 0}                                                 (1.14) 

By a Lacunary sequence 𝜃 = (𝑖𝑟),   𝑟 = 0, 1, 2, … , 𝑤ℎ𝑒𝑟𝑒 𝑖0 = 0. 

We mean an increasing sequence of non negative integersℎ𝑟 = 𝑖𝑟 − 𝑖𝑟−1 → ∞ (𝑟 → ∞). 

The intervals determined by 𝜃 are denoted by 𝐼𝑟 = (𝑖𝑟−1, 𝑖𝑟]𝑎𝑛𝑑 𝑡ℎ𝑒 𝑟𝑎𝑡𝑖𝑜 
𝑖𝑟

𝑖𝑟−1
 will be 

denoted by 𝑞𝑟. The space of Lacunary strongly convergent sequences 𝑁𝜃 was defined by 

Freedman et al, (1978) as follows: 

𝑁𝜃 = {𝑥 = (𝑥𝑘): lim
𝑟→∞

1

ℎ𝑟
∑ |𝑥𝑘 − 𝐿|𝑘∈𝐼𝑟

= 0, 𝑓𝑜𝑟 𝑠𝑜𝑚𝑒 𝐿}                        (1.15) 

The concept of 2-normed spaces was initially developed by Gähler in the mid of 1960s 

see (Gähler, 1963), while that of n-normed spaces one can see in (Misiak, 1989). Since 

then many others have studied this concept and obtained various results, see (Gunawan, 

2001a), (Gunawan, 2001b) and Gunawan and Mashadi, 2001)  

Let 𝑛 ∈ ℕ and X be linear space over the field K, where K is the field of real or complex 

numbers of dimension d, where 𝑑 ≥ 𝑛 ≥ 2. 

A real valued function ‖. , . . . , . ‖ 𝑜𝑛 𝑋𝑛 satisfying the following four conditions: 

(1) ‖(𝑥1, 𝑥2, … , 𝑥𝑛)‖ = 0 𝑖𝑓 𝑎𝑛𝑑 𝑜𝑛𝑙𝑦 𝑖𝑓 𝑥1, 𝑥2, … , 𝑥𝑛 are linearly dependent in X; 

(2) ‖(𝑥1, 𝑥2, … , 𝑥𝑛)‖ invariant under permutation; 

(3) ‖(𝛼𝑥1, 𝑥2, … , 𝑥𝑛)‖ = |𝛼|‖(𝑥1, 𝑥2, … , 𝑥𝑛)‖ 𝑓𝑜𝑟 𝑎𝑛𝑦 𝛼 ∈ 𝐾; 
(4) ‖(𝑥 + 𝑥1, 𝑥2, … , 𝑥𝑛)‖ ≤ ‖(𝑥, 𝑥2, … , 𝑥𝑛)‖ + ‖(𝑥1, 𝑥2, … , 𝑥𝑛)‖ 

Is called an n-norm on X and the pair (X, ‖. , . . . , . ‖) is called an n-normed 

space over the field K. For example, we may take 𝑋 = ℝ𝑛  being equipped 

with the Euclidean n- norm‖(𝑥1, 𝑥2, … , 𝑥𝑛)‖𝐸 = the volume of n-dimensional 

parallelepiped spanned by the vectors  𝑥1, 𝑥2, … , 𝑥𝑛 which may be given 

explicitly by the formular 

‖(𝑥1, 𝑥2, … , 𝑥𝑛)‖𝐸 = |det (𝑥𝑖𝑗)|                                                       (1.16) 

Where 𝑥𝑖 = (𝑥𝑖1, 𝑥𝑖2, … , 𝑥𝑖𝑛) ∈ ℝ𝑛𝑓𝑜𝑟 𝑒𝑎𝑐ℎ 𝑖 = 1,2,3, … , 𝑛 𝑎𝑛𝑑 ‖. ‖𝐸 denotes 

the Euclidean norm. 

Let (X, ‖. , . . . , . ‖) be an n-normed space of dimension 𝑑 ≥ 𝑛 ≥ 2 and {𝑎1, 𝑎2, … , 𝑎𝑛} 

linearly independent set in X. Then the following function ‖(. , . . . , . )‖∞ 𝑜𝑛 𝑋𝑛−1  
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Defined by ‖(𝑥1, 𝑥2, … , 𝑥𝑛)‖ = max {‖(𝑥1, 𝑥2, … , 𝑥𝑛−1, 𝑎𝑖)‖: 𝑖 = 1,2,3, … , 𝑛} defines an 

(n-1) norm on X with respect to {(𝑎1, 𝑎2, … , 𝑎𝑛)}                                                       (1.17) 

A sequence (𝑥𝑘) in an n-normed space (X, ‖. , . . . , . ‖) is said to converge to some L∈ 𝑋 if  

lim
𝑘→∞

‖(𝑥𝑘 − 𝐿, 𝑧1, … , 𝑧𝑛−1)‖ = 0                                                                            (1.18) 

For every 𝑧1, 𝑧2, … , 𝑧𝑛 ∈ 𝑋. 
A sequence (𝑥𝑘) in a normed space (X, ‖. , . . . , . ‖) is said to be Cauchy if 

lim
𝑘→∞
𝑝→∞

‖(𝑥𝑘 − 𝑥𝑝, 𝑧1, … , 𝑧𝑛−1)‖ = 0                                                                       (1.19) 

For every 𝑧1, 𝑧2, … , 𝑧𝑛−1 ∈ 𝑋. 
Every Cauchy sequence in X converges to some 𝐿 ∈ 𝑋 then X is said to be complete with 

respect to the n-norm. Any complete n-normed space is said to be n-Banach space. The n-

normed space has been studied in (Mursaleen et al, 2014) 

Let 𝜎 be a mapping of the positive integers into itself. A continuous linear functional 𝜑 

on ℓ∞ is said to be an invariant mean or 𝜎 − 𝑚𝑒𝑎𝑛 if and only if 

(1) 𝜑(𝑥) ≥ 0 where the sequence 𝑥 = (𝑥𝑘) has 𝑥𝑛 ≥ 0, 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑛. 
(2) 𝜑(𝑒) = 1, 𝑒 = (1,1,1, … , ) 

(3) 𝜑(𝑥𝜎(𝑛)) = 𝜑(𝑥)𝑓𝑜𝑟 𝑎𝑙𝑙 𝑥 ∈ ℓ∞ 

If 𝑥 = (𝑥𝑘)𝑤ℎ𝑒𝑟𝑒 𝑇𝑥 = (𝑇𝑥𝑘) = (𝑥𝜎(𝑘)). It can be shown that  

𝑉𝜎 = {𝑥 ∈ ℓ∞ : lim
𝑘

𝑡𝑘𝑛 (𝑥) = 𝑙, 𝑢𝑛𝑖𝑓𝑜𝑟𝑚𝑙𝑦 𝑖𝑛 𝑛} 

Where 𝑙 = 𝜎 − 𝑙𝑖𝑚𝑥 and 

𝑡𝑘𝑛(𝑥) =
𝑥𝑛+𝑥

𝜎1(𝑛)
+𝑥

𝜎2(𝑛)
+⋯+𝑥

𝜎𝑘(𝑛)

𝑘+1
                                                                               (1.20) 

In the case 𝜎 is the translation mapping 𝑛 → 𝑛 + 1, 𝜎 − 𝑚𝑒𝑎𝑛 is often called a Banach 

limit and 𝑉𝜎 the set of bounded sequences of all whose invariant means are equal. This is 

called the set of almost convergent sequence (Schaefer, 1972). 

2. Definitions and Preliminaries 

Definition 2. 1: A sequence space E is said to be solid or normal if (𝛼𝑘𝑥𝑘) ∈ 𝐸 whenever 

(𝑥𝑘) ∈ 𝐸 and for all sequence of scalars (𝛼𝑘) 𝑤𝑖𝑡ℎ |𝛼𝑘| ≤ 1. (Kamthan and Gupta, 1981) 

Definition 2.2:  A sequence space E is said to be monotone if it contains the canonical 

pre-image of all its step spaces. (Kamthan and Gupta, 1981) 

Definition 2.3 Let X be a linear metric space. A function 𝑝: 𝑋 → ℝ is called paranorm, if 

the following conditions are satisfied 

(1) 𝑝(𝑥) ≥ 0 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑥 ∈ 𝑋, 
(2) 𝑝(−𝑥) = 𝑝(𝑥), 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑥 ∈ 𝑋, 
(3) 𝑝(𝑥 + 𝑦) ≤ 𝑝(𝑥) + 𝑝(𝑦), 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑥 ∈ 𝑋, 
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(4) If ⌊𝛼𝑛 − 𝛼⌋ → 0, 𝑎𝑛𝑑 𝑝(𝑥𝑛 − 𝑥) → 0, 𝑖𝑚𝑝𝑙𝑦 𝑝(𝛼𝑛𝑥𝑛 − 𝛼𝑥) → 0, 𝑎𝑠 𝑛 →
∞𝑓𝑜𝑟 𝑎𝑙𝑙 𝛼 ∈ ℝ 𝑎𝑛𝑑 𝑥 ∈ 𝑋 

A paranorm p for which 𝑝(𝑥) = 0 𝑖𝑚𝑝𝑙𝑖𝑒𝑠 𝑥 = 0 is called total paranorm and the pair 

(𝑋, 𝑝) is called a total paranormed space. 

The main purpose of this paper is to introduce the following sequence spaces and 

examine some of their properties. 

Definition 2.4: Let (X, ‖. , . . . , . ‖) be n- normed space and let 𝜔(𝑛 − 𝑋) denotes the 

space of X-valued sequences. Let ℳ = (𝑀𝑘) be a Musielak-Orlicz function, 𝑝 = (𝑝𝑘) be 

any sequence of positive real numbers for all 𝑘 ∈ ℕ and 𝑢 = (𝑢𝑘) such that 𝑢𝑘 ≠
0(𝑘 = 1,2,3, … ). Let s be any real number such that 𝑠 ≥ 0. Then we define the following 

sequence spaces: 

[𝜔𝜃 , ℳ, 𝑝, 𝑢, 𝑠, ‖. , . . . , . ‖]𝜎
∞(𝐵Λ

𝜇
) = 

{𝑥 = (𝑥𝑘) ∈ 𝜔(𝑛 − 𝑋): sup
𝑟,𝜇

1

ℎ𝑟
∑ 𝑘−𝑠𝑢𝑘𝑘∈𝐼𝑟

[𝑀𝑘(‖
𝑡𝑛𝑘(𝐵Λ

𝜇
𝑥𝑘)

𝜌
, 𝑧1, 𝑧2, … , 𝑧𝑛−1‖)]𝑝𝑘 <

∞, 𝜌 > 0, 𝑠 ≥ 0}. 

[𝜔𝜃 , ℳ, 𝑝, 𝑢, 𝑠, ‖. , . . . , . ‖]𝜎(𝐵Λ
𝜇

) = 

{𝑥 = (𝑥𝑘) ∈ 𝜔(𝑛 − 𝑋): lim
𝑟

1

ℎ𝑟

∑ 𝑘−𝑠𝑢𝑘

𝑘∈𝐼𝑟

[𝑀𝑘 (‖
𝑡𝑛𝑘(𝐵Λ

𝜇
𝑥𝑘) − 𝐿

𝜌
, 𝑧1, 𝑧2, … , 𝑧𝑛−1‖)]𝑝𝑘

= 0, 𝑓𝑜𝑟 𝑠𝑜𝑚𝑒 𝐿, 𝜌 > 0, 𝑠 ≥ 0} 

[𝜔𝜃 , ℳ, 𝑝, 𝑢, 𝑠, ‖. , . . . , . ‖]𝜎
0 (𝐵Λ

𝜇
) = 

{𝑥 = (𝑥𝑘) ∈ 𝜔(𝑛 − 𝑋): lim
𝑟

1

ℎ𝑟

∑ 𝑘−𝑠𝑢𝑘

𝑘∈𝐼𝑟

[𝑀𝑘 (‖
𝑡𝑛𝑘(𝐵Λ

𝜇
𝑥𝑘)

𝜌
, 𝑧1, 𝑧2, … , 𝑧𝑛−1‖)]𝑝𝑘 = 0, 𝜌

> 0, 𝑠 ≥ 0} 

Note: if 𝑛 = 2, (𝐵Λ
𝜇

) = (Δ𝑣
𝑚) we get 

[𝜔𝜃 , ℳ, 𝑝, 𝑢, 𝑠, ‖. , . . . , . ‖]𝜎
∞(Δ𝑣

𝑚) = 

{𝑥 = (𝑥𝑘) ∈ 𝜔(2 − 𝑋): sup
𝑟,𝜇

1

ℎ𝑟
∑ 𝑘−𝑠𝑢𝑘𝑘∈𝐼𝑟

[𝑀𝑘(‖
𝑡𝑛𝑘((Δ𝑣

𝑚𝑥𝑘)

𝜌
, 𝑧1‖)]𝑝𝑘 < ∞, 𝜌 > 0, 𝑠 ≥ 0}. 

[𝜔𝜃 , ℳ, 𝑝, 𝑢, 𝑠, ‖. , . . . , . ‖]𝜎(Δ𝑣
𝑚) = 

{𝑥 = (𝑥𝑘) ∈ 𝜔(2 − 𝑋): lim
𝑟

1

ℎ𝑟

∑ 𝑘−𝑠𝑢𝑘

𝑘∈𝐼𝑟

[𝑀𝑘 (‖
𝑡𝑛𝑘(Δ𝑣

𝑚𝑥𝑘) − 𝐿

𝜌
, 𝑧1‖)]𝑝𝑘

= 0, 𝑓𝑜𝑟 𝑠𝑜𝑚𝑒 𝐿, 𝜌 > 0, 𝑠 ≥ 0} 

[𝜔𝜃 , ℳ, 𝑝, 𝑢, 𝑠, ‖. , . . . , . ‖]𝜎
0 (Δ𝑣

𝑚) = 
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{𝑥 = (𝑥𝑘) ∈ 𝜔(2 − 𝑋): lim
𝑟

1

ℎ𝑟
∑ 𝑘−𝑠𝑢𝑘𝑘∈𝐼𝑟

[𝑀𝑘 (‖
𝑡𝑛𝑘(Δ𝑣

𝑚𝑥𝑘)

𝜌
, 𝑧1‖)]𝑝𝑘 = 0, 𝜌 > 0, 𝑠 ≥

0} (See Aiyub, 2014) 

Remark 2.1: The following inequality will be used throughout the paper. Let 𝑝 = (𝑝𝑘) 

be a positive sequence of real numbers with 0 < 𝑝𝑘 ≤ sup
𝑘

𝑝𝑘 = 𝐻, 𝐷 = 𝑀𝑎𝑥(1, 2𝐻−1), 

then for all  𝑎𝑘, 𝑏𝑘 ∈ ℂ, 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑘 ∈ ℕ.  

We have |𝑎𝑘 + 𝑏𝑘|𝑝𝑘 ≤ 𝐷(|𝑎𝑘|𝑝𝑘 + |𝑏𝑘|𝑝𝑘). Also |𝛼|𝑝𝑘 ≤ 𝑀𝑎𝑥{1, |𝛼|𝑀}, 𝑀 =
𝑀𝑎𝑥{1, 𝐻} 

3. Main Results 

The following results are obtained in this work. 

Theorem 3.1: Let ℳ = (𝑀𝑘) be a Musielak-Orlicz function, 𝑝 = (𝑝𝑘) be a bounded 

sequence of positive real numbers and 𝜃 = (𝑘𝑟) be Lacunary sequence. Then 

[𝜔𝜃 , ℳ, 𝑝, 𝑢, 𝑠, ‖. , . . . , . ‖]𝜎
∞(𝐵Λ

𝜇
), [𝜔𝜃 , ℳ, 𝑝, 𝑢, 𝑠, ‖. , . . . , . ‖]𝜎(𝐵Λ

𝜇
) and 

[𝜔𝜃 , 𝑀, 𝑝, 𝑢, 𝑠, ‖. , . . . , . ‖]𝜎
0 (𝐵Λ

𝜇
) are linear spaces over the field of complex numbers. 

Proof. Let 𝑥 = (𝑥𝑘), 𝑦 = (𝑦𝑘) ∈ [𝜔𝜃 , ℳ, 𝑝, 𝑢, 𝑠, ‖. , . . . , . ‖]𝜎
0 (𝐵Λ

𝜇
), 𝑎𝑛𝑑 𝛼, 𝛽 ∈ ℂ. In order 

to prove the result we need to find some 𝜌3 such that, 

lim
𝑟

1

ℎ𝑟

∑ 𝑘−𝑠𝑢𝑘

𝑘∈𝐼𝑟

[𝑀𝑘 (‖
𝑡𝑛𝑘(𝐵Λ

𝜇
(𝛼𝑥𝑘 + 𝛽𝑦𝑘))

𝜌3

, 𝑧1, 𝑧2, … , 𝑧𝑛−1‖)]𝑝𝑘

= 0, 𝑢𝑛𝑖𝑓𝑜𝑟𝑚𝑙𝑦 𝑖𝑛 𝑛. 

Since 𝑥 = (𝑥𝑘), 𝑦 = (𝑦𝑘) ∈ [𝜔𝜃 , ℳ, 𝑝, 𝑢, 𝑠, ‖. , . . . , . ‖]𝜎
0 (𝐵Λ

𝜇
) there exists 𝜌1, 𝜌2 such that 

lim
𝑟

1

ℎ𝑟
∑ 𝑘−𝑠𝑢𝑘𝑘∈𝐼𝑟

[𝑀𝑘 (‖
𝑡𝑛𝑘(𝐵Λ

𝜇
𝑥𝑘)

𝜌1
, 𝑧1, 𝑧2, … , 𝑧𝑛−1‖)]𝑝𝑘 = 0, 𝑢𝑛𝑖𝑓𝑜𝑟𝑚𝑙𝑦 𝑖𝑛 𝑛. and  

lim
𝑟

1

ℎ𝑟

∑ 𝑘−𝑠𝑢𝑘

𝑘∈𝐼𝑟

[𝑀𝑘 (‖
𝑡𝑛𝑘(𝐵Λ

𝜇
𝑦𝑘)

𝜌2

, 𝑧1, 𝑧2, … , 𝑧𝑛−1‖)]𝑝𝑘 = 0, 𝑢𝑛𝑖𝑓𝑜𝑟𝑚𝑙𝑦 𝑖𝑛 𝑛. 

Define 𝜌3 = 𝑀𝑎𝑥(2|𝛼|𝜌1, 2|𝛽|𝜌2). since (𝑀𝑘) is non decreasing, convex functions and 
‖. , . . . , . ‖ is an n-norm on X, by using inequality in Remark 2. 1. We have 

lim
𝑟

1

ℎ𝑟

∑ 𝑘−𝑠𝑢𝑘

𝑘∈𝐼𝑟

[𝑀𝑘 (‖
𝑡𝑛𝑘(𝐵Λ

𝜇
(𝛼𝑥𝑘 + 𝛽𝑦𝑘))

𝜌3

, 𝑧1, 𝑧2, … , 𝑧𝑛−1‖)]𝑝𝑘 ≤ 

lim
𝑟

1

ℎ𝑟

∑ 𝑘−𝑠𝑢𝑘

𝑘∈𝐼𝑟

[𝑀𝑘 (‖
𝑡𝑛𝑘(𝐵Λ

𝜇
(𝛼𝑥𝑘))

𝜌3

, 𝑧1, 𝑧2, … , 𝑧𝑛−1‖)]𝑝𝑘 + 

lim
𝑟

1

ℎ𝑟

∑ 𝑘−𝑠𝑢𝑘

𝑘∈𝐼𝑟

[𝑀𝑘 (‖
𝑡𝑛𝑘(𝐵Λ

𝜇
(𝛽𝑦𝑘))

𝜌3

, 𝑧1, 𝑧2, … , 𝑧𝑛−1‖)]𝑝𝑘 ≤ 
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Dlim
𝑟

1

ℎ𝑟

∑
1

2𝑝𝑘
𝑘−𝑠𝑢𝑘

𝑘∈𝐼𝑟

[𝑀𝑘 (‖
𝑡𝑛𝑘(𝐵Λ

𝜇
𝑥𝑘)

𝜌1

, 𝑧1, 𝑧2, … , 𝑧𝑛−1‖)]𝑝𝑘 + 

𝐷lim
𝑟

1

ℎ𝑟

∑
1

2𝑝𝑘
𝑘−𝑠𝑢𝑘

𝑘∈𝐼𝑟

[𝑀𝑘 (‖
𝑡𝑛𝑘(𝐵Λ

𝜇
𝑦𝑘)

𝜌2

, 𝑧1, 𝑧2, … , 𝑧𝑛−1‖)]𝑝𝑘 ≤ 

lim
𝑟

1

ℎ𝑟

∑ 𝑘−𝑠𝑢𝑘

𝑘∈𝐼𝑟

[𝑀𝑘 (‖
𝑡𝑛𝑘(𝐵Λ

𝜇
𝑥𝑘)

𝜌1

, 𝑧1, 𝑧2, … , 𝑧𝑛−1‖)]𝑝𝑘 + 

lim
𝑟

1

ℎ𝑟

∑ 𝑘−𝑠𝑢𝑘

𝑘∈𝐼𝑟

[𝑀𝑘 (‖
𝑡𝑛𝑘(𝐵Λ

𝜇
𝑦𝑘)

𝜌2

, 𝑧1, 𝑧2, … , 𝑧𝑛−1‖)]𝑝𝑘 = 0, 𝑎𝑠 𝑟

→ ∞, 𝑢𝑛𝑖𝑓𝑜𝑟𝑚𝑙𝑦 𝑖𝑛 𝑛. 

So that (𝛼𝑥𝑘) + (𝛽𝑦𝑘) ∈ 𝑥 = (𝑥𝑘), 𝑦 = (𝑦𝑘) ∈ [𝜔𝜃 , 𝑀, 𝑝, 𝑢, 𝑠, ‖. , . . . , . ‖]𝜎
0 (𝐵Λ

𝜇
). This 

completes the proof. 

Similarly, we can prove that  

[𝜔𝜃 , ℳ, 𝑝, 𝑢, 𝑠, ‖. , . . . , . ‖]𝜎(𝐵Λ
𝜇

) and [𝜔𝜃 , 𝑀, 𝑝, 𝑢, 𝑠, ‖. , . . . , . ‖]𝜎
∞(𝐵Λ

𝜇
) are also linear 

spaces. 

Theorem 3.2: Let ℳ = (𝑀𝑘) be a Musielak-Orlicz function, 𝑝 = (𝑝𝑘) be a bounded 

sequence of positive real numbers and 𝜃 = (𝑖𝑟) be a Lacunary sequence. Then 

[𝜔𝜃 , ℳ, 𝑝, 𝑢, 𝑠, ‖. , . . . , . ‖]𝜎
0 (𝐵Λ

𝜇
) is a topological linear space total paranormed by  

𝑔∆(𝑥) = ∑|𝑥𝑘|

𝜇

𝑘=1

+ 𝑖𝑛𝑓 {𝜌
𝑝𝑟

𝐻⁄ : (
1

ℎ𝑟

∑ 𝑘−𝑠𝑢𝑘

𝑘∈𝐼𝑟

[𝑀𝑘 (‖
𝑡𝑛𝑘(𝐵Λ

𝜇
𝑦𝑘)

𝜌
, 𝑧1, 𝑧2, … , 𝑧𝑛−1‖)]𝑝𝑘)

1
𝐻⁄

≤ 1, 𝑓𝑜𝑟 𝑠𝑜𝑚𝑒 𝜌 > 0, 𝑟 = 1,2,3, … } 

Proof. Clearly 𝑔∆(𝑥) ≥ 0 𝑎𝑛𝑑 𝑔∆(𝑥) = 𝑔∆(−𝑥). Since 𝑀𝑘(0) = 0, 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑛 ∈ ℕ, we 

get 𝑔∆(𝜃̅) = 0, 𝑓𝑜𝑟 𝑥 = 𝜃̅. Let 𝑥 = (𝑥𝑘), 𝑦 = (𝑦𝑘) ∈ [𝜔𝜃 , 𝑀, 𝑝, 𝑢, 𝑠, ‖. , . . . , . ‖]𝜎
0 (𝐵Λ

𝜇
) and 

let us choose 𝜌1,  𝜌2 > 0 such that 

sup
𝑟

1

ℎ𝑟
∑ 𝑘−𝑠𝑢𝑘𝑘∈𝐼𝑟

[𝑀𝑘 (‖
𝑡𝑛𝑘(𝐵Λ

𝜇
𝑥𝑘)

𝜌1
, 𝑧1, 𝑧2, … , 𝑧𝑛−1‖)]𝑝𝑘 ≤ 1, 𝑟 = 1,2, …, and 
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sup
𝑟

1

ℎ𝑟

∑ 𝑘−𝑠𝑢𝑘

𝑘∈𝐼𝑟

[𝑀𝑘 (‖
𝑡𝑛𝑘(𝐵Λ

𝜇
𝑦𝑘)

𝜌2

, 𝑧1, 𝑧2, … , 𝑧𝑛−1‖)]𝑝𝑘 ≤ 1, 𝑟 = 1,2, … 

Let 𝜌 = 𝜌1 + 𝜌2, then we have 

sup
𝑟

1

ℎ𝑟

∑ 𝑘−𝑠𝑢𝑘

𝑘∈𝐼𝑟

[𝑀𝑘 (‖
𝑡𝑛𝑘(𝐵Λ

𝜇
(𝑥𝑘 + 𝑦𝑘))

𝜌
, 𝑧1, 𝑧2, … , 𝑧𝑛−1‖)]𝑝𝑘 ≤ 

𝜌1

𝜌1 + 𝜌2

sup
𝑟

1

ℎ𝑟

∑ 𝑘−𝑠𝑢𝑘

𝑘∈𝐼𝑟

[𝑀𝑘 (‖
𝑡𝑛𝑘(𝐵Λ

𝜇
𝑥𝑘)

𝜌1

, 𝑧1, 𝑧2, … , 𝑧𝑛−1‖)]𝑝𝑘 + 

𝜌1

𝜌1 + 𝜌2

sup
𝑟

1

ℎ𝑟

∑ 𝑘−𝑠𝑢𝑘

𝑘∈𝐼𝑟

[𝑀𝑘 (‖
𝑡𝑛𝑘(𝐵Λ

𝜇
𝑦𝑘)

𝜌2

, 𝑧1, 𝑧2, … , 𝑧𝑛−1‖)]𝑝𝑘 ≤ 1 

Since 𝜌 > 0, we have 
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𝑔∆(𝑥 + 𝑦) = ∑|𝑥𝑘 + 𝑦𝑘|

𝜇

𝑘=1

+ 𝑖𝑛𝑓 {𝜌
𝑝𝑟

𝐻⁄ : (
1

ℎ𝑟

∑ 𝑘−𝑠𝑢𝑘

𝑘∈𝐼𝑟

[𝑀𝑘 (‖
𝑡𝑛𝑘(𝐵Λ

𝜇
𝑦𝑘)

𝜌
, 𝑧1, 𝑧2, … , 𝑧𝑛−1‖)]𝑝𝑘)

1
𝐻⁄

≤ 1, 𝑓𝑜𝑟 𝑠𝑜𝑚𝑒 𝜌, 𝑟 = 1,2,3, … }

≤ ∑|𝑥𝑘|

𝜇

𝑘=1

+ 𝑖𝑛𝑓 {𝜌1

𝑝𝑟
𝐻⁄ : (

1

ℎ𝑟

∑ 𝑘−𝑠𝑢𝑘

𝑘∈𝐼𝑟

[𝑀𝑘 (‖
𝑡𝑛𝑘(𝐵Λ

𝜇
𝑦𝑘)

𝜌1

, 𝑧1, 𝑧2, … , 𝑧𝑛−1‖)]𝑝𝑘)
1

𝐻⁄

≤ 1, 𝑓𝑜𝑟 𝑠𝑜𝑚𝑒 𝜌1 > 0, 𝑟 = 1,2,3, … }

+ ∑|𝑦𝑘|

𝜇

𝑘=1

+ 𝑖𝑛𝑓 {𝜌2

𝑝𝑟
𝐻⁄ : (

1

ℎ𝑟

∑ 𝑘−𝑠𝑢𝑘

𝑘∈𝐼𝑟

[𝑀𝑘 (‖
𝑡𝑛𝑘(𝐵Λ

𝜇
𝑦𝑘)

𝜌2

, 𝑧1, 𝑧2, … , 𝑧𝑛−1‖)]𝑝𝑘)
1

𝐻⁄

≤ 1, 𝑓𝑜𝑟 𝑠𝑜𝑚𝑒 𝜌2, 𝑟 = 1,2,3, … } 

Therefore 𝑔∆(𝑥 + 𝑦) ≤ 𝑔∆(𝑥) + 𝑔∆(𝑦). 
Finally, we prove that the scalar multiplication is continuous. Let 𝜆 be a given non zero 

scalar in ℂ. then the continuity of the product follows from the following expression. 
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𝑔∆(𝜆𝑥) = ∑|𝜆𝑥𝑘|

𝜇

𝑘=1

+ 𝑖𝑛𝑓 {𝜌
𝑝𝑟

𝐻⁄ : (
1

ℎ𝑟

∑ 𝑘−𝑠𝑢𝑘

𝑘∈𝐼𝑟

[𝑀𝑘 (‖
𝑡𝑛𝑘(𝐵Λ

𝜇
𝜆𝑥𝑘)

𝜌
, 𝑧1, 𝑧2, … , 𝑧𝑛−1‖)]𝑝𝑘)

1
𝐻⁄

≤ 1, 𝑓𝑜𝑟 𝑠𝑜𝑚𝑒 𝜌, 𝑟 = 1,2,3, … } = 

𝜆 ∑|𝑥𝑘| + 𝑖𝑛𝑓 {(|𝜆|𝜁)
𝑝𝑟

𝐻⁄ : (
1

ℎ𝑟

∑ 𝑘−𝑠𝑢𝑘

𝑘∈𝐼𝑟

[𝑀𝑘 (‖
𝑡𝑛𝑘(𝐵Λ

𝜇
𝑥𝑘)

𝜁
, 𝑧1, 𝑧2, … , 𝑧𝑛−1‖)]𝑝𝑘)

1
𝐻⁄

𝜇

𝑘=1

≤ 1, 𝑓𝑜𝑟 𝑠𝑜𝑚𝑒 𝜁 > 0, 𝑟 = 1,2,3, … } 

Where 𝜁 =
𝜌

|𝜆|
> 0. 𝑠𝑖𝑛𝑐𝑒 |𝜆|𝑝𝑟 ≤ 𝑀𝑎𝑥(1, |𝜆|)𝐻 , sup 𝑝𝑟 = 𝐻 

𝑔∆(𝜆𝑥) = 𝑀𝑎𝑥(1, |𝜆)𝐻 +

𝑖𝑛𝑓 {𝜌
𝑝𝑟

𝐻⁄ : (
1

ℎ𝑟
∑ 𝑘−𝑠𝑢𝑘𝑘∈𝐼𝑟

[𝑀𝑘 (‖
𝑡𝑛𝑘(𝐵Λ

𝜇
𝑥𝑘)

𝜌
, 𝑧1, 𝑧2, … , 𝑧𝑛−1‖)]𝑝𝑘)

1
𝐻⁄ ≤

1, 𝑓𝑜𝑟 𝑠𝑜𝑚𝑒 𝜌, 𝑟 = 1,2,3, … }. 

This completes the proof of this theorem. 

Theorem 3.3: Let ℳ = (𝑀𝑘) be a Musielak-Orlicz function  𝑝 = (𝑝𝑘) be a bounded 

sequence of positive real numbers and 𝜃 = (𝑖𝑟) be a Lacunary sequence. If 

sup
𝑘

(𝑀𝑘(𝑥))𝑝𝑘 < ∞, 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑓𝑖𝑥𝑒𝑑 𝑥 > 0. Then 

[𝜔𝜃 , ℳ, 𝑝, 𝑢, 𝑠, ‖. , . . . , . ‖]𝜎(𝐵Λ
𝜇

) ⊂ [𝜔𝜃 , ℳ, 𝑝, 𝑢, 𝑠, ‖. , . . . , . ‖]𝜎
∞(𝐵Λ

𝜇
). 

Proof.  Let 𝑥 = (𝑥𝑘) ∈ [𝜔𝜃 , ℳ, 𝑝, 𝑢, 𝑠, ‖. , . . . , . ‖]𝜎(𝐵Λ
𝜇

). Then there exists some positive 

number 𝜌1 such that  

lim
𝑟

1

ℎ𝑟

∑ 𝑘−𝑠𝑢𝑘

𝑘∈𝐼𝑟

[𝑀𝑘 (‖
𝑡𝑛𝑘(𝐵Λ

𝜇
𝑥𝑘) − 𝐿𝑒

𝜌1

, 𝑧1, 𝑧2, … , 𝑧𝑛−1‖)]𝑝𝑘 = 0 

Define 𝜌 = 2𝜌1 since ℳ = (𝑀𝑘) is non decreasing, convex and by using inequality in 

Remark 2.1, we have 
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lim
𝑟

1

ℎ𝑟

∑ 𝑘−𝑠𝑢𝑘

𝑘∈𝐼𝑟

[𝑀𝑘 (‖
𝑡𝑛𝑘(𝐵Λ

𝜇
𝑥𝑘)

𝜌
, 𝑧1, 𝑧2, … , 𝑧𝑛−1‖)]𝑝𝑘 = 

lim
𝑟

1

ℎ𝑟

∑ 𝑘−𝑠𝑢𝑘

𝑘∈𝐼𝑟

[𝑀𝑘 (‖
𝑡𝑛𝑘(𝐵Λ

𝜇
𝑥𝑘 − 𝐿 + 𝐿)

𝜌
, 𝑧1, 𝑧2, … , 𝑧𝑛−1‖)]𝑝𝑘 ≤ 

𝐷{lim
𝑟

1

ℎ𝑟

∑
1

2𝑝𝑘
𝑘−𝑠𝑢𝑘

𝑘∈𝐼𝑟

[𝑀𝑘 (‖
𝑡𝑛𝑘(𝐵Λ

𝜇
𝑥𝑘 − 𝐿𝑒)

𝜌1

, 𝑧1, 𝑧2, … , 𝑧𝑛−1‖)]𝑝𝑘 + 

lim
𝑟

1

ℎ𝑟

∑
1

2𝑝𝑘
𝑘−𝑠𝑢𝑘

𝑘∈𝐼𝑟

[𝑀𝑘 (‖
𝐿𝑒

𝜌1

, 𝑧1, 𝑧2, … , 𝑧𝑛−1‖)]𝑝𝑘} < 

𝐷{lim
𝑟

1

ℎ𝑟

∑ 𝑘−𝑠𝑢𝑘

𝑘∈𝐼𝑟

[𝑀𝑘 (‖
𝑡𝑛𝑘(𝐵Λ

𝜇
𝑥𝑘 − 𝐿)

𝜌1

, 𝑧1, 𝑧2, … , 𝑧𝑛−1‖)]𝑝𝑘 + 

lim
𝑟

1

ℎ𝑟

∑ 𝑘−𝑠𝑢𝑘

𝑘∈𝐼𝑟

[𝑀𝑘 (‖
𝐿𝑒

𝜌1

, 𝑧1, 𝑧2, … , 𝑧𝑛−1‖)]𝑝𝑘} 

Since sup
𝑟

[𝑀𝑘(𝑧)]𝑝𝑘 < ∞, we can take the  sup
𝑟

[𝑀𝑘(𝑧)]𝑝𝑘 = 𝐷, 

Hence we get (𝑥𝑘) ∈  [𝜔𝜃 , ℳ, 𝑝, 𝑢, 𝑠, ‖. , . . . , . ‖]𝜎
∞(𝐵Λ

𝜇
) 

This completes the proof 

Theorem 3.4: Let ℳ = (𝑀𝑘) and 𝑇 = (𝑡𝑘) be two Musielak-Orlicz functions. Then we 

have 

(i) [𝜔𝜃 , ℳ, 𝑝, 𝑢, 𝑠, ‖. , . . . , . ‖]𝜎
∞(𝐵Λ

𝜇
) ∩ [𝜔𝜃 , 𝑇, 𝑝, 𝑢, 𝑠, ‖. , . . . , . ‖]𝜎

∞(𝐵Λ
𝜇

) ⊂ [𝜔𝜃 , ℳ +

𝑇, 𝑝, 𝑢, 𝑠, ‖. , . . . , . ‖]𝜎
∞(𝐵Λ

𝜇
) 

(ii) [𝜔𝜃 , ℳ, 𝑝, 𝑢, 𝑠, ‖. , . . . , . ‖]𝜎(𝐵Λ
𝜇

) ∩ [𝜔𝜃 , 𝑇, 𝑝, 𝑢, 𝑠, ‖. , . . . , . ‖]𝜎(𝐵Λ
𝜇

) ⊂ [𝜔𝜃 , ℳ +

𝑇, 𝑝, 𝑢, 𝑠, ‖. , . . . , . ‖]𝜎(𝐵Λ
𝜇

) 

(iii) [𝜔𝜃 , ℳ, 𝑝, 𝑢, 𝑠, ‖. , . . . , . ‖]𝜎
0 (𝐵Λ

𝜇
) ∩ [𝜔𝜃 , 𝑇, 𝑝, 𝑢, 𝑠, ‖. , . . . , . ‖]𝜎

0 (𝐵Λ
𝜇

) ⊂

[𝜔𝜃 , ℳ + 𝑇, 𝑝, 𝑢, 𝑠, ‖. , . . . , . ‖]𝜎
0 (𝐵Λ

𝜇
) 

Proof 1.Let (𝑥𝑘) ∈  [𝜔𝜃 , ℳ, 𝑝, 𝑢, 𝑠, ‖. , . . . , . ‖]𝜎
∞(𝐵Λ

𝜇
) ∩ [𝜔𝜃 , 𝑇, 𝑝, 𝑢, 𝑠, ‖. , . . . , . ‖]𝜎

∞(𝐵Λ
𝜇

) 

Then  

sup
𝑟,𝑛

1

ℎ𝑟

∑ 𝑘−𝑠𝑢𝑘

𝑘∈𝐼𝑟

[𝑀𝑘 (‖
𝑡𝑛𝑘(𝐵Λ

𝜇
𝑥𝑘)

𝜌
, 𝑧1, 𝑧2, … , 𝑧𝑛−1‖)]𝑝𝑘 < ∞ 

and  

sup
𝑟,𝑛

1

ℎ𝑟
∑ 𝑘−𝑠𝑢𝑘𝑘∈𝐼𝑟

[𝑇𝑘 (‖
𝑡𝑛𝑘(𝐵Λ

𝜇
𝑥𝑘)

𝜌
, 𝑧1, 𝑧2, … , 𝑧𝑛−1‖)]𝑝𝑘 < ∞, uniformly in 𝑛, 𝜌 > 0. 
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We have  

[(𝑀𝑘 + 𝑇𝑘) (‖
𝑡𝑛𝑘(𝐵Λ

𝜇
𝑥𝑘)

𝜌
, 𝑧1, 𝑧2, … , 𝑧𝑛−1‖)]𝑝𝑘

≤ 𝐷[𝑀𝑘 (‖
𝑡𝑛𝑘(𝐵Λ

𝜇
𝑥𝑘)

𝜌
, 𝑧1, 𝑧2, … , 𝑧𝑛−1‖)]𝑝𝑘

+ 𝐷[𝑇𝑘 (‖
𝑡𝑛𝑘(𝐵Λ

𝜇
𝑥𝑘)

𝜌
, 𝑧1, 𝑧2, … , 𝑧𝑛−1‖)]𝑝𝑘 

By Remark 2.1. Applying ∑ .𝑘∈𝐼𝑟
 and multiplying by 𝑢𝑘,

1

ℎ𝑟
 𝑎𝑛𝑑 𝑘−𝑠 both side of the 

inequality, we get  

.
1

ℎ𝑟

∑ 𝑘−𝑠𝑢𝑘

𝑘∈𝐼𝑟

[(𝑀𝑘 + 𝑇𝑘) (‖
𝑡𝑛𝑘(𝐵Λ

𝜇
𝑥𝑘)

𝜌
, 𝑧1, 𝑧2, … , 𝑧𝑛−1‖)]𝑝𝑘 ≤ 

𝐷
1

ℎ𝑟

∑ 𝑘−𝑠𝑢𝑘

𝑘∈𝐼𝑟

[𝑀𝑘 (‖
𝑡𝑛𝑘(𝐵Λ

𝜇
𝑥𝑘)

𝜌
, 𝑧1, 𝑧2, … , 𝑧𝑛−1‖)]𝑝𝑘

+ 𝐷
1

ℎ𝑟

∑ 𝑘−𝑠𝑢𝑘

𝑘∈𝐼𝑟

[𝑇𝑘 (‖
𝑡𝑛𝑘(𝐵Λ

𝜇
𝑥𝑘)

𝜌
, 𝑧1, 𝑧2, … , 𝑧𝑛−1‖)]𝑝𝑘 

This completes the proof. Similarly (2) and (3) can be proved. 

4. Conclusion 

We investigated the algebraic and topological properties of the newly introduced spaces.  

It was discovered that the spaces are topologically linear and they are also total 

paranormed spaces with paranorm defined by  

𝑔∆(𝑥) = ∑|𝑥𝑘|

𝜇

𝑘=1

+ 𝑖𝑛𝑓 {𝜌
𝑝𝑟

𝐻⁄ : (
1

ℎ𝑟

∑ 𝑘−𝑠𝑢𝑘

𝑘∈𝐼𝑟

[𝑀𝑘 (‖
𝑡𝑛𝑘(𝐵Λ

𝜇
𝑦𝑘)

𝜌
, 𝑧1, 𝑧2, … , 𝑧𝑛−1‖)]𝑝𝑘)

1
𝐻⁄

≤ 1, 𝑓𝑜𝑟 𝑠𝑜𝑚𝑒 𝜌 > 0, 𝑟 = 1,2,3, … } 

The results could be extended to the space of double sequences and some geometric 

properties could as well be investigated for these sequence spaces as a  recommendations 

to fill in the gap in the existing literature. 
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