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Abstract

The goal of this work was to create new multivariate time series models for the volatility
series. Existing multivariate time series models for volatility series, such as Multivariate
Generalized Autoregressive Conditional Heteroskedasticity (MGARCH) models, are used
to identify new classes of models under certain conditions. The parameters for the
UDMGARCH and LDMGARCH models are limited to the upper and lower diagonals of
the coefficient matrices, respectively. Using empirical evidence from Nigerian crude oil
quantity and price volatility series, the novel models are found to be adequate and have
the same comparative advantage as the existing general MGARCH. As a result,
UDMGARCH and LDMGARCH are established as new MGARCH model classes.

Keywords: UDMGARCH, LDMGARCH, MGARCH, Crude Oil Quantity Volatility and
Crude Oil Price Volatility.

1. Introduction

The Multivariate Generalized Autoregressive Conditional Heteroskedasticity Model is a
multivariate expansion of the univariate  GARCH model, with response variance
determined by the conditional variance lag term and squared error. Multiple response
conditional variance, which is a linear combination of autoregressive and moving average
processes, is used in the multivariate model. The autoregressive component is represented
by the lag terms of the variances, whereas the moving average aspect of the MGARCH
model is represented by the lag terms of the squared error. The Pure Diagonal Model, the
Upper Diagonal Model, and the Lower Diagonal Model are the three types of diagonal
models used in multivariate time series.

The parameters of the pure diagonal model are restricted to the principal diagonal of the
coefficient matrices. The predictor variable parameters are not included in the model. This
is @ multivariate representation of a univariate time series in which the parameters in the
coefficient matrices are restricted to the principal diagonal and are associated with the lag
terms of the response variance at different orders. The upper and lower diagonal models
restrict the coefficient matrices' parameters to the upper and lower diagonals, respectively.
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The upper and lower diagonal models have an advantage over the pure diagonal model in
that they allow for interactive effects.

This allows for interdependence and evaluation of the feed forward and feedback
mechanism between response and predictor variance. Upper and Lower Diagonal
Multivariate Generalized Autoregressive Conditional Heteroskedasticity Models are
components of the Multivariate GARCH model. According to [1], MGARCH model for
volatility series predicted by the conditional variances' distributed lags and squared errors.
A set of multiple variances in the MGARCH models are linear combinations of the
distributed lag of the squared error and the response and predictor variances expressed as
autoregressive and moving average processes with the orders "p" and "g." MGARCH
models establish the interactions and interdependence between variances with their
respective lag terms and lag terms of their respective squared errors. Multivariate
Simultaneous GARCH models were developed by [2]. Conditional CAPM using
MGARCH-RM has been tested by [4]. Review on MGARCH models, which are flexible
with heavy parameterization have been carried out by [7], [9]. The introduction of Diagonal
VEC and BEKK is a way to reduce the number of parameters in the MGARCH models.
The performance of the nonparametric and semi-parametric models was compared using
empirical data. Lower diagonal bilinear moving average vector model with parameter
restrictions to the lower diagonal in the coefficient matrices was proposed by [13]. The
conditions for identifying lower diagonal bilinear moving average models were not
specified, and empirical evidence results were not compared to existing multivariate
bilinear moving average models. Relationship between the VEC and BEKK multivariate
GARCH models have been investigated by [8]. On investigation of stationarity and
ergodicity of BEKK multivariate GARCH models. A long-memory process in asset returns
with multivariate GARCH innovations, [5]. The general form of multivariate generalised
autoregressive conditional heteroskedasticity model for volatility series is presented by
[11]. A review on Multivariate GARCH models with time varying variance-covariance for
the exchange rate is carried out by [10]. In this paper, we propose Upper and Lower
Diagonal Multivariate Generalised Autoregressive Conditional Heteroskedasticity Models.

2. Methodology
2.1 Diagonal MGARCH Models

The section presents two classes of Multivariate Generalized Autoregressive
Heteroskedasticity Models and their conditions for identification.
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Proposition 1

Given Y;;(;=1,.,m) @a multivariable time processes with conditional variances Uizt(i=1,...,m)a
squared error terms Egt(v=1,...,n) and constants ¥;;=1,...m)» ajzt_k and €2,_, represent the lag
terms of the autoregressive and moving average components of the volatility measure such
that Uizt(i=1,...,m) are expressed as a function of o;_, and e,_; with the respective matrices
of coefficients @;;x(j=1,.n) and Oy, 5=1,n). If the number of @y, > @y > >
Omjxand 6,5 > 05,5 > - > 0,5, then we have Upper Diagonal Multivariate
Generalised Autoregressive Conditional Heteroskedasticity (UDMGARCH) Models. If the
number of @i, < @ik < < @pjrand 1,5 < O <+ < Oy, then we have

Lower Diagonal Multivariate Generalised Autoregressive Conditional Heteroskedasticity
(LDMGARCH).

Case 1: Upper Diagonal MGARCH Models
Giveno?; ifi=1;j=1,23,..,n;k=1,23,..,p;v=1,23,..,m;s =1,2,..,q
ifi=2;j=23,... ;;k=12,3,...,.p; v= 2,3,....,.m;5s=1,2,..,q
ifi=3j=3,...mk=123,..,p;bv=3,..,n;s=12,..,q
ifi=m; j=nk

o/ is a compendium of Upper Diagonal MGARCH models with sequential coefficients
O1jkr P2jkr oo r Pmjr AN O14, 5,024, 5, .., Oy s Presented in the form,

ot
(V1 + Q1jk0f—i + O1ps€e-sj = 1,2,3,.,mk =1,2,3,...,p;
v=123,..,n,s=12,..,q
Y2+ ‘sz.kajzt—k + 0y 5€0-5) = 2,3, , ik =1,2,3,...,p;
v=23...ns=12,..,q
=9 Vst P3jx0fi i+ Osps€ir-sj =3, ik =1,2,3, ..., p; (D
v=3,..,ns=12,..,q

Ym + (pmj.kojizt—k + Hmv.segt—s:j =n, k = 1!2! 3r Y A
\ v=n;s=12,..,q

Equation (1) remains valid for @, > @yjx > > Qmjr and 01,5 > 056 > =+ > Oy

Hence, from equation “1”, Upper Diagonal MGARCH model is,
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n p
ZZ‘PUR Ojt— k+zzewsevt s)l=1..,m (2)

j=1k=1 v=1s=
for P1jk > P2k > > Pmjk and Hlv.s > 9217.5 > > Hmv.s

Proof:

Let the general Multivariate Generalised Autoregressive Conditional Heteroskedasticity
(MGARCH) model be presented as

n P
O-izt=yi+zzq)uk tk+zzewsevt si=1. (3)

j=1k=1 v=1s=

By expansion, we have

oF =Vt Z[<Pij.10j2t—1 + @ij 205, + o+ <Pij.p0j2t—p]
j=1

+ Z[eiv.legt—l + 61‘1}.261271:—2 + -t Hiv.qest—p]

v=1

=Y+ [(‘Pi1.1012t—1 + ‘Piz.zazzt—1 + -t ¢in.101%t—p)
+ (Qi1200i—3 + Qi2205i 5 + =+ Pina0i_o) + -+
+ (‘pil.po-lzt—p + §0i2.p0-22t—p + et qoin.po-r%t—p)]

+ [(9i1.1€%t—1 + 0122651+ -+ Oin1Emt—1)
+ (03126512 + 0122655 + -+ Oipo€irn) + -+
+ (eil.qeft—q + eiZ.qE%t—q + -t ein.qerzlt—q)] (4')

From (4),fori=1;j=12,..,m;k=12,..,p;v=12,..,n;s = 1,2, ...,q, we have
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0'12t =Y+ (P11.10'12t—1 ‘; §012.1022t—1 "2‘ et §01n.10'ét—1 + (P11.2012t—2 ‘24’12.20221:—2 ‘:
+ Q1n200t-2 + P11p01t—p T P12p02t—p T+ P1npOnt—p + 0111611
4 0121€50 1+ 4 Orp1€mr g + 0112651 5+ 012265 5+ + Oy €
12.1 2t-1 %n.l nt-1 11.2€1¢-2 12.2€2t-2 1n2€nt-2
+ 0114€1t-q T 0124€5c—q +
+ gln.qerzlt—q (5)
Equation (5) reduces to,
0fy = V1 + Q1jx07 ik
+ elv.segt—s (6)

Fori=2;j=23,..m;k=12,..,p;v=23,..,n;s = 12,...,q, we have,

03 = V2 + 0221051+ 0231051 + =+ Qo105 + 0222055 + Q232055 + -+
+ Pon20n—s + 9022.p022t—p + (p23.p0?>2t—p + ot QonpOne—p + 0221654
+ 923.1E§t—1 +- 02n.16121t—1 + 6’22.26§t—2 + 923.26§t—2 +- 92n.26121t—2
+ 922.q55t—q + 923.q€§t—q + -
+ 92n.q5121t—q (7)

Equation (7) reduces to,

05 =Vy2 + (P2j.k0jzt—k
+ 9217.56127t—$ (8)

Fori=3;j=34,...m;k=12,...,p;v=34,..,n;s =12, ...,q, we have,

0'32t =yt ‘P33.10'32t—1 + ‘P34.10'42t—1 +-t+ (p3n.10-1%t—1 + ‘P33.20'32t—2 + ‘P34.2@ft—2 + -
+ (p3n.20-r%t—2 + ‘P33.p032t—p + ‘P34.p042t—p + e+ (p3n.po-r%t—p + 933.1E§t—1
+ 0341651+ O3n 161 + 0332655 + O34565 5+ + O3 565,
+ 933.qe?2,t—q + 934—.q€£t—q +
+ 93n.q6121t—q (9)

Equation reduces to,
2 2
O3t = V3t @3jk0jt_k

+ 93v.565t—s (10)
Fori=m; j=nk=12,..,p;v=n;s =1,2,...,q, we have,
Ot
=VYm+ (pmn.lo_r%t—l + (pmn.zo_r%t—z + et (pmn.po-ﬁt—p + emn.lerztt—l + emn.zerzlt—z + -
+ an.qerzzt—q (11)

Equation (11) reduces to,
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O-rit =VYm T q)mj.ko-jzt—k
+ Hmv.s(:-gt—s (12)

Therefore, (6), (8), (10) and (12) are a compendium of UDMGARCH models, which
complete the proof.

Case 2: Lower Diagonal MGARCH Models
GivenoZ; ifi=1;j=1k=1,23,..,p; v=1,5s=1,2,..,q

o/ is a compendium of Upper Diagonal MGARCH models with sequential coefficients
P1jkr P2jkr o Pmjk AN 01y, 5,024, 5, ..o, Oy s Presented in the form,

( V1 + (plj.ko-jzt—k + 911}.5651,“—5']. = 1; k = 1r Zr 3r = D
v=1s=12,..,q

V2 + (ij.kO}'zt—k + 62v.s€1§t—s:j = 1! 2; k = 1r Zr 3r = D;
v=12;s=1.2,..,q

Ot =\ V3+ @30k + Osps€isj=1,2,3k=1,23,..,p; (13)

v=12,3,s=12,..,q
Ym + Omjk0ii—k + Omvs€ir-sj = 1,2,3,..,mk =1,2,3,...,p;
\ v=1,23,..n,5s=12,..,q

Equation (13) is valid for @, < @ik <" < @jx and 01,5 < O35 < -+ < Oy s
Hence, from equation “13”, Lower Diagonal MGARCH model is,

n g
of =y + z Z Pij 1Ot + z z O sE€pt—s, i

n
j=1k= v=1s=1

=1,...m (14)

=

~-

for P1jk < P2jk << Pmjk and elv.s < 0211.5 << va.s
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Proof:

The proof of Lower Diagonal Multivariate Autoregressive Conditional Heteroskedasticity
(LDMGARCH) Models applies same expansion of (3) to derive (4).

Therefore, from (4), the following conditions are set;

Fori=1;j=1Lk=12,..,p;v=1;5s=1,2,..,q, we have
ot
=7+ ‘P11.1U12t—1 + ¢11.2012t—2 + (P11.p012t—p + 011.16121.“—1 + 911.2€ft—2
+ 911.q612t—q (15)
Equation (15) reduces to
0'12t =yt ‘Plj.ko'jzt—k
+ elv.segt—s (16)

Fori=2;j=1,2k=12,..,p;v=12;s =1,2,..,q, we have
O3 = V2 + 9211001 + P22105:1 + P21207 5 + 222055 + =+ 021,08,
+ (p22.p022t—p + 0311651 + 0221651 + 02126015 + 0325655 + -
+ 921.q€12t—q
+ 922.q€§t—q (17)
Equation (17) reduces to
0'22t =Y+ ‘P2j.k0'jzt—k
+ 92v.561§t—s (18)

Fori=3;j=123;k=12,..,p;v=123;s=1,2,...,q, we have
05 = V3 + ©31.100-1 + ©32105¢-1 + Q331051 + Q312082 + 032205,
+ ‘P33.2032t—2 + -t 9031.p012t—p + 9032.p0'22t—p + 9033.p032t—p + 931.16121,‘—1
+ 0321651 + 0331651 + 031,675 + O35 ,€5_5 + O33,€5_, + -
+ 931.q6ft—q + 632.q6§t—q
+ 833.q6?2,t—q (19)
Equation (19) reduces to
0% =ys + ‘P3j.k0j2t—k
+ 93v.565t—s (20)

Fori=m; j=1,2,...m;k=12,...,p;v=12,..,n;s = 1,2,...,q, We have,
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Ot

= ¥Ym + Pm110ti-1 + Prn2105c-1 + - F Orn 1001 + Pm1201t—2 + P05 +
+ (pmn.zo-r%t—z + ..+ q)ml.po-lzt—p + Qomz.po-zzt—p + -+ q)mn.poﬁt—p + gml.le—ft—l

+ 9m2.165t—1 L emn.lerzlt—l + 9m1.2€%t—2 + 9m2.255t—2 + ot Hmn.zerzlt—z

+ ot Opag€te—q + Omaq€ie—g

+ emn.qerzlt—q (21)

Equation (21) reduces to,
O-T%lt =Vmt+ q)mj.ko-jzt—k + emv.sest—s (22)

Therefore, (16), (18), (20) and (22) are a compendium of LDMGARCH models, if ¢, <
Qojk < < Pjgand Oy, 5 < O3, < -+ < Oy, 5. These complete the proof.

The parameters of equations “2” and “4” are restricted to the upper and lower diagonal
elements of the coefficient matrices. As parsimonious models, the UDMGARCH and
LDMGARCH models modify [1],[11] and [12].

2. 2 Graphical Analyses

Time Series Plot of XtN2, Yt~N2

0.020 Variable
— - Xt~ 2
—mm— Yr~2

0.015

g 0.010

0.005

0.000

Figure 1: Volatility plots of Crude Oil Quantity and Price

The above figure represents the volatility plots of the Nigeria Crude Oil Quantity and Price
as empirical example to explain the behaviours of the two series. The outliers indicate the
presence of volatilities in the crude oil quantity and price. Furthermore, this paper considers
the usefulness of the autocorrelation and partial autocorrelation functions of the series as
tools to suggest appropriate models for the series. See figures 2, 3, 4 and 5 for the ACFs
and PACFs of the volatility series.
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Autocorrelation Function for Xt~2
(with 526 significance limits for the autocorrelations)
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Figure 2: Autocorrelation Functions of Crude Oil Quantity Volatility

Partial Autocorrelation Function for XtN2
(with 52 significance limits for the partial autocorrelations)
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Figure 3: Partial Autocorrelation Function of Crude Oil Quantity Volatility

Autocorrelation Function for Yt~2
(with 592 significance limits for the autocorrelations)
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Figure 4: Autocorrelation Function of Crude Oil Price Volatility
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Partial Autocorrelation Function for Yt~ 2
(with 52 significance limits for the partial autocorrelations)
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Figure 5: Partial Autocorrelation Function of Crude Oil Price Volatility

GARCH (p,q) is represented in this work as components of autoregressive and moving
average processes. Autocorrelation and partial autocorrelation functions are utilized in the
standard Autoregressive Moving Average Process to choose and rank the ARMA model.
Because the GARCH (p,q) model is expressed as a mixture of the two processes, this
technique is used here. The autocorrelation and partial autocorrelation functions of crude
oil quantity and price volatilities are shown in Figures 2, 3, 4, and 5. In Multivariate
Generalized Autoregressive Heteroskedasticity Models, the correlogram aids in
establishing the maximum lag length that accounts for the order of the ARMA components.
Figures 2, 3, 4, and 5 in the plots show large spikes in the autocorrelation and partial
autocorrelation functions of crude oil quantity and price volatilities at the first time lag.
The data in the two series' ACFs and PACFs points to the MGARCH [p(1,1), q(1,1)] model.
For both quantity and price volatility series, this means that each of the ACFs and PACFs
spikes at lagl. The OLS regression approach is proposed for the estimation of the model
parameters.

2.3 Model Selection Criteria

Upper and Lower Diagonal Multivariate Generalized Autoregressive Conditional
Heteroskedasticity Models are identified as two types of MGARCH models in this
paper. We propose two model selection criteria in this section, which may be
compared to the current MGARCH Models.

i. Akaike Information Criterion (AIC):

AIC = In (RTSS) +
®) -
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where RSS = residual sum of squares, n = number of observations, k= number of
parameters in the model.

ii1. Schwartz’s Information Criterion (SIC)
SIC = In (RSS) + (g) In(n) (24)

n

where RSS, n and k are as defined as above.
3. Model Estimation
In this part, we use the Nigeria Crude Oil Quantity and Price Volatilities to demonstrate
the models. The upper and lower diagonal models' parameters are estimated using the
ordinary least squares approach. Volatility as a square of log return series, Gujarati and
Porter (2009).
Given Y;;(;-1 ) to represent the Crude Oil Quantity and Price with 7, and o3, as crude oil
quantity and price volatility measures respectively.

3.1. Estimation of UDMGARCH Model Parameters

Figures 2, 3, 4 show the ACF and PACF, which recommended the MGARCH [p(1,1),
q(1,1)] model for crude oil production amount and price volatilities o and ¢Z. To begin,
we show a set of simplified MGARCH [p(1,1), q(1,1)] models for ¢ and ¢4 as

(0'12t) _ (‘P11.1 ‘P12.1) (0'12t_1) +
o4 V211 P221/ \c2_,

(911.1 6’12.1) (E%t—l) (25)

0211 0221 E%t_l

Equation (25) is a complete MGARCH model for the first order of o/;_, and €Z,_;. The

expansion of (25) presents oZ and o7 as linear combinations of the lag terms of the
variances and squares of the errors.

From the above model, the Upper Diagonal Multivariate GARCH Model for the two
volatility series is presented as,

2 2
01t) V111 P121 (01t_1)
= +
(UZZt ( 0 9022.1) %1

0111 912.1) (E%t—l)
26
( 0 0221 (26)

2
€2t—1
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The parameters of Equation (26) are restricted to the upper diagonal of the coefficients
matrices. The restriction gives room for parsimonious model due to the reduction in the
number of parameters. The parameter estimates using ordinary least squares regression
approach for Equations (25) and (26) give the following estimated models;

(6&) _ (0.3398 0.0461) (012t_1) N

6%) ~ \ 0314 04398/ \g%_,

(0.0733 0.0099)(€%t_1> 27)
0.090 0.0171/\e%,_,

(6&) _ (03398 0.0461) (0&_1) N

62 0 04398/ \g2_,

0.0733  0.0099 EfH)

( 0 0.0171) (egt_l (28)

From the result, the Upper Diagonal MGARCH reduces the number of model parameters,
as 6% is a function of o%,_, and €2,_,. This restriction distinguishes the Upper Diagonal
MGARCH from the general MGARCH model.

3.2. Estimation of LDMGARCH Model Parameters

From the complete MGARCH [p(1,1), q(1,1)] model for the crude oil production quantity
and price volatilities, the Lower Diagonal Multivariate GARCH Model for the two
volatility series is presented as;

<U12t) — (9011.1 0 )(012t—1> n
0% V211 P221) \0FH_,
0114 0 ) (E%t—l)
' 29
(921.1 0221 E%t_l ( )
Equation (29) limits parameters as 67 to ¢, , and 8,, ; which are associated is a function
of of,_, and e€%_,. This restriction distinguishes the Lower Diagonal MGARCH from the

general MGARCH model. The ordinary least squares regression estimates produce the
results,
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(6&) _ (03398 0 )(oft_1> N
62) ~ \0314 04398/ \g2_,

00733 0 efH)
(0.090 0.0171) (Egt_l (30)

Equations (28) and (30) are estimated models for the UDMGARCH and LDMGARCH
models. The parameters of the upper and lower diagonal models are restricted to the upper
and lower coefficient matrices. The two multivariate models capture volatility clustering
in the Crude Oil Quantity and Price.

Autocorrelation Function for RES(X%t)
(with 526 significance limits for the autocorrelations)
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Figure 6: ACF of the Crude Oil Quantity Volatility Residual

Autocorrelation Function for RES(Y1t)
(with 526 significance limits for the autocorrelations)
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Figure 7: ACF of the Crude Oil Price Volatility Residual

35 40

Figures 6 and 7 are the residuals autocorrelation functions of the crude oil quantity and
price volatilities. The behaviour of the ACF indicates a pure white noise process of the
residual terms. These validate the Upper and Lower Diagonal MGARCH models for
modelling multivariate volatility series of economic and financial time series.
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MODEL SELECTION INFORMATION CRITERIA
Table 3: Information Selection Criteria For g%, and a3,

S/N | Model Specification AIC SIC
2
01t
1 MGARCH|[p(1,1),q(1,1)] -13.11 -13.06
2 UDMGARCH][p(0,1),q(0,1)] -13.12 -13.05
2
Ot
1 MGARCH|[p(1,1),q(1,1)] -12.10 -12.12
2 LDMGARCH[p(1,0),q(1,0)] -12.12 -12.09
Summary

The main focus of this research was to establish new classes of parsimonious volatility
models from the current Multivariate Generalized Autoregressive Conditional
Heteroskedasticity Models with parameter restrictions to upper and lower diagonal of the
coefficient matrices. The Upper and Lower Diagonal MGARCH models are established
and compared to the MGARCH models of [11] and [12]. Autocorrelation and partial
autocorrelation functions in figures 2, 3, 4 and 5 are used for the choice of the order of the
MGARCH [p(p1,P2), 9(q1, q2)] model. From the plots, ACFs and PACFs of o7 and ¢4
were observed to have significant spike each at the first time lag. This suggested
MGARCH[p(1,1),q(1,1)], MGARCH[p(0,1),q(0,1)] and MGARCH|[p(1,0), q(1,0)]
for the general MGARCH, Upper Diagonal MGARCH and Lower Diagonal MGARCH
models. The autocorrelation functions of the residuals indicate fitness of the new classes
of the models. Further checks using model selection criteria revealed competitiveness of
the new classes of the models with the already established MGARCH Models.
Conclusion

The interest in this paper was to identify Upper and Lower Diagonal Multivariate
Generalised Autoregressive Conditional Heteroskedasticity Models under certain
conditions. The Upper Diagonal MGARCH Models are established from the MGARCH
models. UDMGARCH models are models whose parameters are restricted to the upper
diagonal of the coefficient matrices. In contrast, the LDMGARCH models have parameters
restriction to lower diagonal elements of the coefficient matrices. These new models are
parsimonious with the reduction in the number of parameters of each model. The empirical
evidence with the Nigeria Crude Oil Quantity and Price Volatilities reveals the
applicability of the new set of diagonal models in capturing multivariate time volatility
series.
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