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Abstract

This paper discussed the extension of the improved Euler method to the solution of optimal control
problems with the state constrained by differential equations. The method combined the classical
method with the numerical algorithm of Euler by embedding each of the boundary conditions from
the Hamiltonian into the algorithm of Euler and allow the system to undergo the iterative process
of the Euler until the gradient norm of the objective function approaches -certain
tolerance(according to [1], [2], [12] and [13]. A suitable formula for updating the control
variable u(t) as akin to [2] at each one-dimensional search was developed. The numerical results

generated by this process demonstrated the stability and robustness of the method as it triumphs
over reasonable number of problems.
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Introduction

In this paper, we considered the minimization of general form of optimal control problems without
delay in the state equations. In the past, the favored approach for solving optimal control problems
was that of indirect methods. In the indirect method, the calculus of variation is employed to obtain
the first-order optimality conditions. These conditions result in a two-point or multi-point (for
complex problems) boundary value problems which have special structure because it arises from
taking the derivative of a Hamiltonian which is of the form:

oH (x(t), U (t), A(t),t) _

0 X(t) (1)
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Where x(t) is the state variable or trajectory of the system, u(t) the control input or variable,

H=L+A"a—NTb above is called the Augmented Hamiltonian function which we shall
derived later. The beauty of the indirect method is that the state and the co-state or ad-joints are
solved for, and the resulting solution is readily verified to be an external trajectory. According to
[17], the major disadvantage of the method is that the boundary value problem is often extremely
difficult to solve particularly for problems with interior point constraints. In order to overcome
this great disadvantage, the first-order optimality condition which arises from taking the
derivative of the Hamiltonian H above was embedded in the algorithm of the improved Euler
method with the objective of developing a robust method of solution that is capable of solving
different classes of optimal control problems.

2. Developmental Approach to Optimal Control Problems

In order to establish necessary conditions that guaranteed optimality in optimal control problems,
we consider a plant whose system is described by the first order differential equation below:

X(t) = f (x(t),u(t),t) 3)

With a Bolza form of performance measure
t

J() =s(X(t) ., +[ v(x(t),u(t), t)dt (4)
)

Where equation (3) is state equation, (4) is the objective function, the first and the second term of
(4) are terminal cost and integral cost function respectively [14].

Our objective is to find the control input u(t) and the trajectory x(t) of a system from initial time
t, to the final time t, such that the performance index (4) subject to the constraint (3) is minimized.

Equation (4) can be written in the form
30)= jv(x(t) u(t), tydt + j S(X(t) Ve (5)

For (5) to be simplified, we apply chain rule to get
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dt (6)

()= IV(X(t) u(t), tydt + j[(asgt;] 0+ = 1 g

Transformation of constraints equation (3) and (4) to unconstraint one via Lagrange Multiplier
method we have.

1= jv(x(t) u(t), tydt + J{[as()] (1) + as() dit

ax(t)

. ty O (XOUE - ()
According to (1), the Lagrange function form of (7) can be written as
[ L(X(t),u(t), A(t), tyt ®)

Where (8) i.e.

ty

[ L(x(t), u(t), A(), t)dt = v(x(t), u(t), A(t), t) +

+f(t)[f(X(t)’u(t)'t)]_{[85((9X(t),t)ﬂ 10+ 0O _re
X(t) ot

Which can be written in Hamiltonian form as

; O AN R
H (x(t), u(t), A (t),t)]+[[ax—(t)ﬂ X0+ = 2T (OX()

Where H is the Hamiltonian function

If the objective function is perturbed according to [19], we have
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J ()_thtf [V(X"(t) + SX(t),u"(t) + Su(t), t)+[asg))J (X' () + O%(1)) +

(%Oj + AT (1) f (X (1) + (1), u” (1) + Su(t),t) - (X" (t) + S%(1))]dt ©)

Q+mf ty +5t

j L()dt—jL()dt+ j L()dt~jL()dt+L()/5t

t=t,

Where Lp(.) is the perturbed model of Lagrange multiplier

The Variation of the functional value can be expressed as
ts +0t¢

A, =3 ()dt-3()= j L, (.)dt - jL()dt~jL()dt+L()/5t—jL()dt
t=t; fp

f [L,()-L()dt= f [L, (X" (t) +8x(t),u” (t) + Su(t),t) — L(x"(t),u”(t), A" (t),t)]dt
‘ b (10)

+X (1), u"(t), A" (1), 1) / ot

t=t,

Using the Taylor series expansion and integration by parts rule to (10) as in [18], [19] and
applied by [17], Also considering the first variation of the functional we obtain

B| ox(t) dtlox(t) ).
ts 8L() 5 ()J
f( (t)j ou ()dt+(a o SX(t) /oy, +L()e /iy, S )
Lemma l

Let g(t) and x(t) be continuous and integrable over a close interval t, and t, then,
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ty

[ a(t)sx(t)dt =0 iff g(t)=0 at every point over the integral [to,tf]
ty

From (11) using lemma 1, we have

oL() dfao()) _

ox(t) dt(ai((t)l =0 -
L)) _

[au—(t)l 0 (13)

Finally

5I=L(). 1, ot +[2XF—8J Sx®)/, (14)

_5x(tf)

t, t, t, +¢
S =OX(t )+ %, [, St =x(t,)+ (X (1) +6X(1) /., ot
= oX(t, )+ (X (t,)dt, (15)
Substitute (15) into (14) we have

oL

o =L/, ot +
()i, (ax.(t)

J /t=tf (5Xf _X(tf))atf (16)
Simplification of (16) give
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0J=L()- FL((; x(t)} o tf {a‘((;j tt, OX;

If 6J =0which is regarded as necessary condition, then

L()- {L()x(t)} “ 5tf+[L(')j Iy 6% =0

X(t) oxX(t) ).
Where
L() =H(x(t),u(t), A(t),t) + asg )) X(t) + a;f[) AT ()X(t)

Using (18) in (12), (13) and (17). From (12), we get

0 {H(X(t) u(t), A(t),t) + os() X(t) + ()—/IT (t))'((t)}—

ox() ox() ot
4| HEOUO.A0.0+ S0+ -4 30
dt ox(t)

From chain rule, if f(x(t), y(t), z(t)), then

d 61‘() H() oy, OF (),
—f(. t)+
g 0= (1) X(0) + ) y(®)+ a2(t) 2(t)

Application of (20) in (19) give

9 1h()+ B0y dt{as() ()}

ox(t) dt ox(t)
From (19), asgt)) and ai) can be written combinely as dis()

HO)
[8)(—(01— A(t)
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Equation (21) is called the co-state and free from x(t)

Also from (13),

0 o (0] _(HO) _, 22)
aut) ), “leu@) ), Lau@) ),

Where L(.) remain as defined in (18)

The similar version of (21) which was gotten from the Lagrange equation is

oH() | .
(%1 = X(t) (23)

Equation (23) is called the state equation if the system equation is express in state pace form.

Finally, the boundary condition (17) can be written in Hamiltonian form as

os Y T (v e 0s . 0S B
{H(-)+[8X—G)J - (t)X(t)—[E—ft(t)]X(t)}* I, Ot {@—i(t)l liy, 6% =0
Therefore

oS oS '
{H(.)+%l /t:tf ot {@—i(t)l /t:tf ox; =0 (24)

If equation (21)-(24) are solved, we get our trajectory x(t) and the control input u(t) which
minimizes the P.1.

Algorithmic steps

Given the constraint
X(t) = f (x(t),u(t),t) and the performance index J(.) = S(X(t)) |, +tjf v(x(t),u(t),t)dt
Step 1: Form H(x(t),u(t), A(t),t)

Step 2: Compute (21), (22), (23) using the boundary condition (24)
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3.0 Embedding Improved Euler

The application of improved Euler’s to optimal control problems need the in-depth knowledge of
optimization and numerical analysis. The algorithm of this embedment of the improved Euler as
called in this research can be summarized as follows:

Step 1: derive the Hamiltonian using the multiplier method
Step2: Solve equation (21)- (23) and boundary condition (25)
Step3: Determine the numerical value of the co state and the state using the Euler’s algorithm

Step4: if X. = X._, or H(x(t), u(t),A(t)) approaches zero, stop, else

step 5: Updatet, , with t,,, =t +t._, and repeat step 1- step 3.

i+1
4.0 Problems, Results and Discussion

We shall present some optimal control problems and the result generated by the algorithm when
applied to such life problems

4.1 Problems

Problem 1: Lagrange form of Optimal Control problem without delay

1
Minimize J = [[0.5u® (t)Jdt
(x,u,4) 0
Subject to : X, = X, (t)
X==x(t)+u(t)
x(0)=1,%,(0)=2 4(0) =1, 4(0)=0
Problem 2: Lagrange form of Optimal Control problem with weighted matrix as coefficient

Minimize J :0.5}[xT (t)Px(t) +u’ (t)Ru(t)]at

(x,u,2) 0

Subject to : X, = 2X, (t)
X, ==X (£) =3%, (t) +u(t)
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10
x,(0)=10,%,(0)=-5, 4(0)=1, 4,(0)=0, R=1, P:(o 10)

The numerical results are presented in the tables below:
Table 4.1: Numerical solution of problem 1

values of T Xl* (t) Xz* (t) u(t) NO. of iter | ] (xj U, Jb,-)
t=0.2 1.34779 1.47399 -1.32769 4 0.551911
t=04 1.58910 0.940452 | -1.04505 4 0.0489287
t=0.6 1.72553 0.430117 -0.720742 4 -0.380566
t=0.8 1.76453 -0.0296308 | -0.36770 5 -0.668764
t=0.9 1.75122 -0.233235 | -0.184773 5 -0.744561
t=1.0 1.71857 -0.416123 | 1.11022*10*? |4 1.768370
Table 4.2: Numerical solution of problem 2

values of T X (t) X, (t) u'(t) NO. of iter | J (x,,u;,4,)
t=0.2 1.47401 0.587855 -0.333073 4 -0.259827
t=04 1.58386 0.0498879 | 0.061901 4 0.238474
t=0.6 1.55925 -0.139084 | 0.207944 4 0.636421
t=0.8 1.48821 -0.20775 0.200358 5 0.635307
t=0.9 1.44389 -0.236722 | 0.132121 5 0.440433
t=1.0 1.39258 -0.279923 | 2.84397*10* |4 0.0927813
where
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Xl* (t) :is the value of x(t) that satisfied the optimality condition
Xz* (t) :is the value of Xx(t) u(t) that satisfied the optimality condition

U*(t) : is the value of that satisfied the optimality condition

4.3 Comments
It can be seen from the above results in table 4.1 and 4.2 that two the three tested problems have

similar characteristics:
*value of the state and the control variables X (t)and U"(t) change for different values of t as J

was approaching the optimal solution .

*The values of the control u(t)was decreasing as t was approaching terminal point i.e t,

4.4 Conclusions

From the results and comment above, it can be concluded that the method of embedding the
Hamiltonian into the algorithm of improved Euler is less strenuous when compared with the
stress involve in development and execution of control operator as seen in [1] , [12] and [13],

robust and reliable as it showed X (t) as a trajectory whose curve with respect to t can be sketched.

References

1. Aderibigbe, F. M., (1993), an Extended Conjugate Gradient Algorithm for Control Systems
with Delay”, Advances in Modelling and Analysis, CAMSE Press, 36(3): 51-64.

2. Adebayo, K. J., Aderibighe F. M. and Akinmuyise M. F.(2014), On Application Of
Modified
Gradient To Extended Conjugate Gradient Method Algorithm For Solving Optimal
Control Problems, IOSR Journal of Mathematics (IOSR-JM) e-ISSN: 2278-3008, p-
ISSN:2319-7676. Volume 9, Issue 5 (Jan. 2014), PP 30-35.

3. Akinmuyise, M. F., (2010), Combination of Multiplier and Newton’s Method for Solving

Optimization Problems with Mixed Constraints, M. Sc. Thesis, Department of

Mathematics, EKkiti State University, Nigeria, Unpublished.

347



Abacus (Mathematics Science Series) Vol. 49, No 2, July. 2022

4. Antoniou, A. and LU, W. S,, (2007), Practical Optimization, journal of Algorithms and
Engineering Applications, Springer, U.S.A.

5. Boffi, V. and Scozzafava, R., (1967), A First Order Linear Differential Difference Equation
with N delays, J. Maths. Analysis Appl., 17: 577-589.

6. Burghes, D.N. and Graham, A.,(1980), Introduction to Control Theory including Optimal
Control, Ellis Horwood Ltd, Willey and son, New York.

7. David, G. L., (2003), Optimal Control Theory for Applications, Mechanical Engineering
Series, Springer-verlag, Inc., 175 fifth Avenue, New York.

8. Douglas, N. Arnold,(2001), A Concise Introduction to Numerical Analysis. Lecture Notes,
Penn State, MATH 5971-Numerical Analysis.

9. Fletcher, R.,(1987), Practical Methods of Optimization, 2nd ed., Wiley, New York.

Frank, L. L., Dragguna, L. V. and Vassilis, L. S. (2012), Optimal Control, 3rd edition,
John Wiley and sons, Inc., Hololen New Jersey.

10. George M. Siouris, (1996), An Engineering Approach to Optimal Control and Estimation
Theory, John Wiley and Sons, Inc., New York.

11. Hale J., ( 1977), Theory of Functional Differential Equations, Springer Verlag, New York.

12. Ibiejugba, M. A., (1983), The Role of Multipliers in the Multiplier Method, Journal of
Optimization Theory and Applications, 39: 431-449.

13. Ibiejugba, M. A., Otunta, F. and Olorunsola, S. A., (1992), The Role of Multiplier in the
then

Multiplier Method, Journal of the Mathematical Society, 11 (2):13-20.
14. Jasbin, S. A., (2011), Introduction to Optimum Design, Elsevier Publication, U.S.A.

15. Kirk, E. D., (2004), Optimal Control Theory, an Introduction, Prentice-Hall Inc., Englewood
348



Abacus (Mathematics Science Series) Vol. 49, No 2, July. 2022

Cliffs, New Jersey.

16. Luenberger, D. G., (2003), optimal control: Introduction to Dynamic Systems, John Wiley
and sons, New York,

17. Niclas, A., Anton, E. and Michael, P., (2013). An Introduction to Continuous Optimization,
oasis publication pvt Ltd, India.

18. Price, K. R., Storn, J. A. and Lampinen, M., (2005), Differential Evolution: APractical
Approach to Global Optimization. Springer, ISBN 978-3-540-20950-8.

19. Ray G. D., (2014) Optimal control theory, {\it Lecture Note}, Department of Electrical
Engineering, Indian Institute of Technology, Kharagpur.

20. Siertrar, B., (2009), Optimal control theory with Economic Applications, Elservier science B.
V., Amsterdam-Lausaane, New York.

21. Storn R., (1996), On the Usage of Differential Evolution for Function Optimization. Biennial

Conference of the North American Fuzzy Information Processing Society (NAFIPS), 8:
519-523.

349



