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Abstract

In this paper we use the notion of S-metric space to prove a coupled fixed theorem for
mapping having the mixed monotone property in partially ordered S-metric space. Our
result generalize an existing result in the settings of S-metric space.

Keywords: Coupled fixed point, mixed monotone property, partially ordered set, S-metric
space.

1. Introduction

Fixed point theory is an exciting branch of mathematics. It is a mixture of analysis,
topology and geometry. The space X is said to have the fixed point property for a map T
X— X if there exist x € X such that Tx = x. Over the last 50 years or so, the theory of
fixed point has been revealed as a very important tool in the study of nonlinear
phenomena (Afshari, 2014). Banach's contraction principle ensures under appropriate
conditions the existence and uniqueness of a fixed point. It is the simplest and one of the
most important results in fixed point theory.

Some authors for example, Ran & Reurings (2004), Bhaskar & Lakshmikantham
(2006) and Lakshmikantham and Ciric (2009) proved some well-known results of fixed
point in partially ordered metric space. Especially Bhaskar and Lakshmikantham (2006)
introduced the notion of coupled fixed point and proved some coupled fixed point results
in partially ordered metric space.

Because of its importance in mathematics and applied sciences some authors have
tried to give generalizations of metric spaces in several ways. These generalizations were
also used then to extend the scope of the study of fixed point theory. For example,

In 1963, Géhler introduced the notion of a 2-metric space as follows:

71


mailto:mohsanmash@gmail.com

Abacus (Mathematics Science Series) Vol. 49, No 1, April. 2022

Definition 1.1 Let X be a nonempty set. A function d: X3 - R is said to be a 2-metric on
Xifforall x,y,z, a € X, the following condition hold:

(d1) For any distinct point x,y € X thereexistz € X, d(x,y,z) #0

(d2) d(x,y,z) = 0 if any of the two elements of the set { x, y, z} in X are equal.

(d3) d(x,y,z) = d(x,z,y) =d(y,x,z) = d(z,x,y) = d(y,z,x) = d(z,y,%)
d4)d(y,z) < d(x,y,a) +d(x,a,z) + d(a,y, z)

The pair (X, d) is called a 2-metric space.

In 1984, Dhage in his Ph.D thesis identified condition (d2) as a weakness in Gahler's theory
of 2-metric space. To overcome these problems, in 1992 he then introduced the concept of
a D-metric space.

Definition 1.2 Let X be a nonempty set. A function D: X3 — R is called a D-metric on X
if for all x,y,z,a € X, the following condition hold:

(D1) D(x,y,z) =0forall x,y,z,ain Xand D(x,y,z) =0ifandonlyifx =y = z

(D2) D(x,y,z) = D(x,2,y) = D(y,x,2z) = D(2,x,y) = D(y,z,x) = D(2,¥,%)

(D3) D(x,y,z) < D(x,y,a) + D(x,a,z) + D(a,y,z)

The pair (X, D) is called a D-metric space.

Mustafa and Sims (2006), introduced the notion of G-metric space and suggested an
important generalization of metric space as follows.

Definition 1.3 Let X be a nonempty set. A function G: X3 - R* is called a G-metric on X
if it satisfies the following condition: For all x,y,z,a € X,

(Gl)G(x,y,z) =0ifandonlyifx =y =2z

(G2)0<G(x,y,y)withx #= y

(G3) G(x,x,y) < G(x,y,z) withz # y

G G(x,y,2) =G(x,z,y) =6(y,x,2) =G(z,x,y) = G(y,2,x) = G(z,y,%)
(G5) G(x,y,z) <G(x,x,a) + G(a,y,2)

The pair (X, G) is called a G-metric space.

Thereafter Mustafa et al. (2008) proved some fixed point thereoms in G-metric space.
Sedghi, Shobe & Zhou (2007) introduced the notion of D*-metric space as follows.

Definition 1.4 Let X be a nonempty set. A function D*: X3 - R™ is called a D*-metric on
X if it satisfies the following condition: For all x,y,z,a € X,
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(D*1) D*(x,y,z) =0

(D*2) D*(x,y,z) =0ifandonlyifx =y =2z

(D*3) D*(x,y,z) = D*(x,z,y) = D*(y,x,z) = D*(z,x,y) = D*(y,z,x) =
D*(z,y,x)

(D*4) D*(x,y,z) < D*(x,y,a) + D*(a,z, z)

The pair(X, D*) is called a D*-metric space.

The aim of this paper is to generalize the result of Mehta and Joshi (2010) in the setting
of S-metric space.

2. Definitions and Preliminaries:

Sedghi, Shobe & Aliouche (2012) introduced a new generalize metric space called S-
metric space.

Definition 2.1 Let X be a nonempty set. An S-metric space on X is a function

S:X?® —>[0,) that satisfies the following conditions. For each x, y, z, a € X

(S1) S(x,y,z) = Oforallx,y,ze X

(S2) S(x,y,z) = Oifandonlyifx =y = z

(S3)S(x,y,z) < S(x,x,a) + S(y,y,a) + S(z,z,a)

The pair (X;S) is called an S-metric space.

The following examples, definitions and lemmas are given by Sedghi et al, (2012).
Example 2.1 Let R be the real line. Then S(x,y,z) = |x — z| + |y — z|forallx,y,z
€ R is an S-metric on. This S-metric is called the usual S-metric on R.

Example 2.2 Let X = R? and d an ordinary metric on X. Then

S(x,y,z) =d(x,y) + d(x,z) + d(y,z)isan S-metric on X.

Example 2.3 Let X = R™ and ||.|l a norm on X. Then
S(x,y,z) =lly + z-2x Il +1ly — z Il isaS-metric on X.
Definition 2.2 Let (X, S) be a S-metric space.
(1) A sequence {x,},x € X converges to x if and only if S(x,,, x,,x) —» 0asn —
0,
That is for each € > 0 there exist n, € N such that forall n > n,, S(x,, x,,x) <
e and we denote this by lim x,, = x.

n—oo

(2) A sequence x,, is called a Cauchy sequence if for each € > 0, there exist n, e N €
such that for eachn,m > ng, S(x,, X, X)) <€

79



Abacus (Mathematics Science Series) Vol. 49, No 1, April. 2022

(3) The S-metric space (X, S) is said to be complete if every Cauchy sequence
converges.

Lemma 2.1 Let (X,S) be an S-metric space. Then S(x,x,y) = S(y,y,x)

Lemma 2.2 Let (X,S) be an S-metric space. Then S(x,x,z) < 25(x,x,y) + S(v,y,2)
Lemma 2.3 Let (X, S) be an S-metric space. If the sequence {x,,} € X converges to x,
then x is unique.

Lemma 2.4 Let (X, S) be an S-metric space. If the sequence {x,,} € X converges to x,
then {x,, } is a Cauchy sequence.

Lemma 2.5 Let (X, S) be a S-metric space. If there exist sequences {x,,} and {y,,} in X
such that lim x,, = x and 7113010 Yn =y, then AI_)IEIO S(xn, Xn, yn) =S(x,x,y)

n—oo

Bhaskar & Lakshmikantham (2006) stated the following definitions and result.

Definition 2.3 (See [3]) Let (X, <) be a partially ordered set and d be a metric on X such
that (X, d) is a complete metric space. Consider the product space X x X the following
partial order: for (x,y), (u,v) € X X X,
wv) < (x,y)ex=uy <.

Definition 2.4 Let (X, <) be a partially ordered setand F: X x X — X. We say that F
has the mixed monotone property if F(x,y) is monotone nondecreasing in x and is
monotone non increasing in y, that is for any x,y, z € X,

X1, X, €EX,x1 < xy = F(xq,y) < F(x3,9)
and

VY2 €EX,y1 Sy, = F(x,y1) 2 F(x,y,).

Definition 2.5 An element (x,y) € X x X is called a coupled fixed point of the mapping
F:XxX->Xif
F(x,y)=x and F(y,x)=y

Mehta and Joshi (2010) proved the following result.

Theorem 2.1 Let (X, <) be a partially ordered set and (X, d) is a complete metric space.
Let F:X X X — X be a continuous mapping having the mixed monotone property on X
such that there exists elements x,, y, € X with

xo < F(xo,¥0) and y, = F (Yo, Xo).
Suppose that there exist non-negative real numbers p and g with p + g < 1 such that
d(F(x, ), F(u, v)) < pmin{d(F(x,y),x),d(F(u,v),,x)}

+q min{d(F (x,y),w), d(F(u,v),,u)}
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+min{d (F (x,y),,u), d(F(u,v),, x)}
forall x,y,u,v € X with x > u,y < v. Then F has a coupled fixed point in X.

3. Results and Discussion
In this section, we generalize the result of Mehta and Joshi (2010) in the setting of S-
metric space.

Theorem 3.1 Let (X, <, S) be a partially ordered complete S-metric spaceand F: X X X —
X be a continuous mapping having the mixed monotone property on X and let there exists
points x,, y, With
Xo < F(x0,¥0), Yo = F(Yo,Xo)-
Suppose that there exist p = 0, g = 0 with p + g < 1 such that
S(F(x, v),F(x,y),F(u, v)) < pmin{S(F(x,y), F(x,y)x),S(F(u,v), F(u,v), x)}
+q min{S(F(x,y),F(x,y),u),S(F(u,v), F(u,v),u)}
+min{S(F(x,y), F(x,y),u),S(F(u,v), F(u,v),x)} (1)
forall x,y,u,v € X with x > u,y < v. Then F has a coupled fixed point in X.

Proof.
Let x4, y, € X with

xo < F(x0,¥0), Yo = F(¥o,%o) - (2)
Define the sequences {x,}, {v,} in X such that for all n =0, 1, 2, ...

Xn+1 = F(Xn, Yn) Yn+1 = F(ns Xn) 3)
We claim that forall n =0, 1, 2, ..., {x,} is nondecreasing and {y,,} is non-increasing.
That is

Xn < Xn+1,» Yn > Yn+1 (4)

From Egs. (2) and (3), we have for n =0,

Xo < F(%0,Y0), Yo = F(¥o,x0) and x; = F(x,¥0), Y1 = F (Yo, Xo)
This implies x, < x4, v = ;.

Thus equation (4) holds for n =0.
Also suppose that (4) holds for somen € N. Thatis x,, < X411, Yn = Vnt1-

We now show that it is true for n + 1.
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By the mixed monotone property of F, we have
Xnsz2 = F(Xpi1, Yne1) = FOo Yne1) = F(xn, Yn) = Xpya
Vniz = Fni1, Xn41) S FOnXpi1) < Fm X)) = Yo
Thus by mathematical induction, equation (4) holds for n € N.
Therefore,
Xo S X S Xy S S Xy S Xpyq S
YVo2V12Y2 22 Yn = Vi1 2o

AS x, = Xp_1, Vn < Yn_1, We have from Eq. (1)

S(F Gt ), F Gt ), F (1, Yn1))

= pmin{S(F(xn'yn):F(xn'yn):xn):S(F(xn—byn—l);F(xn—lryn—l):xn)}
+qmin{S(F(xn'yn)lF(xn!yn)'xn—l)JS(F(xn—l’yn—l):F(xn—lryn—l)ixn—l)}
+min{S (F (xp, Yn)» F (X, Y )s Xn=1), S(F (1, Yn—1), F (Xn—1, Yn—1), X))}

Hence
S(Xn+1, xn+1' xn)

< pMin{S (X4 1, X1, %), S Oy X, XD}
+qmin{5(xn+1l Xn+1, xn—l): S(xn' Xn, xn—l)}
+min{5(xn+1! Xn+1 xn—l)r S(xnr Xn, xn)}

= qS(xn' Xn, xn—l)

Hence S(Xn+1, xn+1' xn) S qS(xn: xn' xn—l)

Again, as v, < V1, Xp = X,,_1, We have from Eq. (1)
S(F(yn—lixn—l)!F(yn—lixn—l)!F(:Vn! xn))

< pmin{S(F (-1, Xn-1), F V-1, Xn-1), Yn-1), S(F O, %), F (s XD, Y1)}
+qm|n{S(F(yn—1:xn—l)'F(yn—bxn—l):yn)rS(F(yn: xn)rF(yn:xn):yn)}
+min{S(F(yn—1»xn—1)!F(Yn—lrxn—l)»Yn)!S(F(yn!xn)!F(yn:xn)!yn—l)}

Hence

S(yn» yn! yn+1)
82
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< pMIn{SWn, Ys Yn-1 S Wna1s Ynr1s Yn-1)}
+qmin{5(ynl Yno yn): S(:Vn+11 Vn+1 yn)}
+min{5(yn: Yno yn): S(yn+1l Yn+1 yn—l)}

= S (Yo, Vs Yn-1)

Hence S(Vn, Y, Yne1) < S Vs Yoo Y1)
(6)

Adding (3.5) and (3.6) , we get

S(xn+1: Xn+1, xn) + S(yn+1l Vn+1 yn—l)
< qS(xn, Xn, Xp—1) + PS Vs Vs Yn-1)
< P+ QSCen, X, Xn-1) + (@ + DSV, Yo, Y1)
=@+ O[S Xp Xn-1) + SV Yo Yn-1)].
LetA=p+q<1

S(xn+1' xn+1' xn) + S(yn+1: yn+1: yn—l)
< A[S(xn» Xn xn—l) + S(ynr Yn» Yn—l)]
S AZ [S(xn—l' xn—l: xn—z) + S(yn—l' :Vn—li J’n—z)]

S ATl [S(xly xl! xO) + S(y]J yll yo)]

Moreover by lemma 2.2, we have foralln < m
S(xn, Xn, Xm) + SV Yo Ym)

< (25(xn, X, Xp1) + 28 (Vny Yo Y1)

+ (S Kns1 X1, Xn) + SVna1s Yne )

< (28 Ctn, X Xp41) + 28 Wy Yo Y1)

+(2S (K41, Xns1, Xn) + 25Vns1, Va1, Yn))

+ .+ @S2, X2, Xm—1) + 25Vm—2, Ym-2, Ym-1))
+(SCom-1, Xm-1, Xm) + SVm-1, Ym-1, Ym))

< (28 Ctn, X Xp41) + 28 Wy Yo Ynr1))

+... +(25(xm—1:xm—1'xm) + ZS(ym—li ym—l: ym))
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< 2[(A" + AM L HATTY (S (e, x4, %) + SOV Y1 Y0))]

240
< T_a (S(x1,x1,x0) + S(V1, Y1, Y0))

Since A < 1, taking limit as n,m — oo, we get
nlniqu}oo{s(xn' xn:xm) + S(ynl Yno ym)} = 0.

It implies that
lim S(x,,x,,x,) = lim Sy, V., ¥m) = 0.
n,m—oo n,m— oo

Therefore {x,} and {y,,} are Cauchy sequences in X.
Since X is complete, there exist x, y € X such thatasn - o, x, - x and y,, = y.
Hence by taking limit as n — oo and using Eqg. (3), we get

x = limx, = mF (g, yn-) = F (lima,- limy,_1) = Fx,y)

n—oo

y = limy, = I F(noy, %p1) = F (limyn- limx,1 ) = F(,0)
n—-oo n—-oo n—00 n—-oo

Thus we have F(x,y) = x, F(y,x) = y implying that F has a coupled fixed point

We now give an example as shown in Mehta & Joshi (2010) to support our result in the
settings of S-metric space.

Example3.1Let X = [0,1] x <y © x,y € [0,1] with the usual order <. Let (X, <, S) be
a partially ordered complete S-metric with the usual S-metric defined as in example 1.1.
That is

S(x,y,z) = |x — z| + |y — z|. So,

Sx,y) = lx — yl+ Ix — yl =2|x —y| = 2d(x,y).

Define F: X X X — X by

X—=y
2 )

ifx=>y
F(x,y) =

0, otherwise
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Then F is continuous and has the mixed monotone property.

Let there exist x, = y, = 0 such that

xXo =0 <F(0,0) = F(xy,y,) and y, = 0 = F(0,0) = F(y,, Xo)-
Next we show that the mapping F satisfies Eq. (1) with p = % q=
Forx =1,y = 0,u = 0, v = 0 we have the following possibilities for values of (x, y) and
(u,v)suchthatx >uandy < v.

N

Case I: If (x,y) = (u,v) = (0,0) or (1,0) or (0,1) or (1,1).

Then S(F(x, v),F(x,y),F(u, v)) = 2d(F(x, ), F(u, v)) = 0, which shows that Eq. (1)
holds.

Case II: If (x,y) = (0,0), (u,v) =(0,1) or (x,y) = (1,1), (u,v) = (0,1).

Then S(F(x, v),F(x,y), F(u, v)) = 2d(F(x, ), F(u, v)) = 0, which shows that Eq. (1)
holds.

Case IlI: If (x,y) = (1,0), (u,v) = (0,0) or (x,y) = (1,0), (u, v) = (0,1).

Then L.H.S of Eq. (1)

S(F(x,y), F(x,y), F(u,v)) = 2d(F(x,y), F(u,v)) = 2d(F(1,0), F(0,0)) = 2d @,o)
=1

and R.H.S of Eq. (1)

~min{2d (5,1),2d(0,1)} + 2 min{2d (3,0),2d(0,0)} + min{2d (3,0),2d(0,1)} =

Thus Eq. (1) holds.

Case IV: If (x,y) = (1,0), (u,v) = (1,1).

Then L.H.S of Eq. (1)

S(F(x,y), F(x,y), F(w,v)) = 2d(F(x,¥), F(u,v)) = 2d(F(1,0), F(1,1)) = 2d (%o)
=1

and R.H.S of Eq. (1)

~min{2d (5,1),2d(0,1)} + 2 min{2d (3, 1), 2d(0,1)} + min{2d (3,1),2d(0,1)} =~

Thus Eq. (1) holds.

Hence all the conditions of Theorem 3.1 are satisfied and therefore F has a coupled fixed
point.
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4. Conclusion

Theorem 2.1 is a result already proved in the settings of metric space. This result also hold
in the setting of S-metric space as shown in this paper (Theorem 3.1). Thus we conclude
that S-metric is a generalization of metric space.

5. Recommendation

Various results for fixed point theorem in metric space has been established. Some of these
results have not been (or cannot be) generalized in the setting of S-metric space.

We therefore recommend that the existence of coupled fixed point for different mapping
in the setting of S-metric space be investigated.

Also the mixed monotone type mapping may be extended to a more general setting of

multivalued mixed weakly monotone type mapping.
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